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Polytopes and their faces
- o

# A polytope of dimension d is defined as the convex hull
of a finite set of points in R.

# A valid inequality on a polytope P is an inequality of the
form f(z) > 0 on P with f linear. A face of P is the set of
points satisfying to f(x) = 0 on P.

vl

A face of dimension 0, 1, d — 2, d — 1 is called, respectively,
Lvertex, edge, ridge and facet. J
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Face-lattice

-

There Is a natural inclusion relation between faces, which
define a structure of partially ordered set on the set of faces.

=

# This define a lattice structure, I.e. every face is uniquely
defined by the set of vertices, contained in it, or by the
set of facets, in which it is contained.

# Given two faces F;_1 C F;1 of dimension i — 1 and
i + 1, there are exactly two faces F' of dimension i, such
that F;_1 C F C F;,1.
This is a particular case of the Eulerian property
satisfied by the lattice:

Nr. faces of even dimension=Nr. faces of odd dimension

o -
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Skeleton of polytope

- .

# The skeleton is defined as the graph formed by
vertices, with two vertices adjacent if they form an edge.

# The dual skeleton is defined as the graph formed by
facets with two facets adjacent if their intersection is a
ridge.

In the case of 3-dimensional polytopes, the skeleton is a
planar graph and the dual skeleton is its dual, as a plane
graph.

Steinitz’s theorem: a graph is the skeleton of a 3-polytope if
and only if it is planar and 3-connected.

o -
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Complexes

-

We will consider mainly polytopes, but the Wythoff
construction depends only on combinatorial information.
Also, not all properties of face-lattice of polytopes are
needed.

The construction will apply to complexes:

=

# which are partially ordered sets,

® which have a dimension function associated to its
elements.

This concerns, in particular, the tilings of Euclidean d-space.

o -
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Wythoff construction
-

For a (d — 1)-dimensional complex C, a flag is a
sequence (f;) of faces with fo C f1 C --- C fa.

The type of a flag is the sequence dim( f;).

Given a non-empty subset S of {0,...,d — 1}, the
Wythoff (kaleidoscope) construction is a complex P(S),
whose vertex-set is the set of flags with fixed type S.

The other faces of IC(S) are expressed in terms of flags
of the original complex K.
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Formalism of faces of Withoffian 1C(.S)

-

9o

o

-

SetQ={0#V c{0,...,d}} and fix an S € Q. For two
subsets U, U’ € Q, we say that U’ blocks U (from S) if,

forallu € U and v € S, there is an v’ € U’ with

u<u <woru>u >wv. This defines a binary relation
on ) (i.e. on subsets of {0,...,d}), denoted by U" < U.

Write U' ~ U, iIf U’ < U and
U<U,andwrite U' <UIfU' <Uand U £ U’.

Clearly, ~ is reflexive and transitive, i.e. an equivalence.
\U] Is equivalence class containing U.

Minimal elements of equivalence classes are types of
faces of KC(.5); vertices correspond to type S, edges to
"next closest" type S’ with S < 5/, etc.

-
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Example: the caseS = {0, 1}, vertices

- .

One type of vertices for Cube({0,1}): {0,1} (i.e. type
S).



Example: the caseS = {0, 1}, edges
- o

Two types of edges for Cube({0,1}): {1} and {0, 2}



Example: the caseS = {0, 1}, faces

- .

Two types of faces for Cube({0,1}): {0} and {2}



2-dimensional complexes

- .

# 2-dimensional Eulerian complexes are identified with
plane graphs.

o If M is a plane graph

set S | plane graph M(S)

{0} | original map M(S)
{0,1} truncated M

{0,1,2} | truncated Med(M)
{0,2} Med(Med(M))

{1,2} truncated M*
{1} Med(M)
12} M




Wythoff on the cube

f Cube({1})=Med(Cube) = Cuboctahedron T




Wythoff on the cube

Octahedron

=C'ube*

Cube({2})

IIIIIIII
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Wythoff on the cube
|7 Cube({0, 1})=truncated Cube T




Wythoff on the cube

|7 Cube({1, 2})=truncated Octahedron T




Wythoff on the cube

|7 Cube({0, 2})=Med(Cuboctahedron) = Rhombicuboctahedron T




Wythoff on the cube

|7 Cube({0, 1, 2})=truncated Cuboctahedron T




Properties of Wythoff construction

-

If  Is a (d — 1)-dimensional complex, then:
® K({0})=Kand K({d—1}) = K* (dual complex).
® Ingeneral, C(S)=K*{d—1—-s:s5€S5}).

® K({1}) is median complex and ({0, 1}) Is (vertex)
truncated complex.

=

# K admits at most 2¢ — 1 different Wythoff constructions.
most different constructions.

o K{0,...,d—1})=K*({0,...,d—1}) is order complex.
Its skeleton is bipartite and the vertices are full flags.
Edges are full (maximal) flags minus some face.

In general, flags with 7 faces correspond to faces of
dimension d — .

o -
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1. [{-embedding



Hypercube and Half-cube

- .

# The Hamming distance d(x,y) between two points
v,y €10, 13" 1s d(z,y) = {1 <@ <m:ai # yi
=|N;AN,| (where N, denotes {1 <: <m:@x; =1}),
l.e. the size of symmetric difference of N, and N,,.

# The hypercube H,, is the graph with vertex-set {0, 1}
and with two vertices adjacent if d(x,y) = 1.
The distance d is the path-distance on H,,.

» The half-cube 3 H,, is the graph with vertex-set
{z €{0,1}™: ) x; is even}

and with two vertices adjacent if d(z,y) = 2.
L The distance d Is twice the path-distance on %Hm. J
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Scale embedding into hypercubes
B o

#® A scale A embedding of a graph & into hypercube H,, Is
a vertex mapping ¢ : G — {0, 1}, such that

d(¢(z), ¢(y)) = Ada(z, y)

with ds being the path-distance between = and y.

# An isometric embedding of a graph G into a graph G’ is
a mapping ¢ : G — G’, such that

dar(¢(x), ¢(y)) = da(z,y) -

#® Scale 1 embedding is hypercube embedding,
scale 2 embedding is half-cube embedding.

o -
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Examples of half-cube embeddings

45

4590
1267 2378
— 12 23
3489
1560 !

2378
45

R

Dodecahedron
embeds into 3 H

34 14
3458 1458
1267 236
3478 12 23 1456
1256 2378
1456 3478
237 14 34 1256
45 345
2367 1267
23 12

Rhombicuboctahedron
embeds into 3 Hi

(moreover, into J(10,5): add

9 to vertex-addresses)

-

-
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Johnson and/;-embedding

=

the Johnson graph J(m, s) is the graph formed by all
subsets of size s of {1,...,m} with two subsets S and T
adjacent if |SAT| = 2.

H,, embeds in J(2m,m), which embeds in { Hy,,.

A metric d Is [;-embeddable if it embeds isometrically
into the metric space (% for some dimension .

A graph is [;-embeddable if and only if it is scale
embeddable (Assouad-Deza). The scale is 1 or even.
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145

Further examples

3679

146

2379
27

67 / &

257N 767

25\1259

14| 1245

346

46
468

367

1458

259

79

~|

125

2

snub Cube embeds into
3 Hy, but not in any
Johnson graph

\\

7

O

A

twisted

Rhombicuboctahedron is

not 5-gonal

=

-
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Hypermetric inequality

=

If b € Z"*! and Y, b; = 1, then the hypermetric
iInequality is

H(b)d= > bibd(i,j) <0

0<i<j<n

If a metric admits a scale A embedding, then the
hypermetric inequality is always satisfied (Deza).

Ifo=(1,1,—-1,0,...,0), then H(b) is triangular inequality
d(z,y) < d(z,2) +d(z,y) .

Ifo=(1,1,1,—1,—-1,0,...,0), then H(b) is called the
5-gonal inequality.

-
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Embedding of graphs
B

The problem of testing scale A embedding for general
metric spaces is NP-hard (Karzanov).

Theorem(Jukovic-Avis): a graph G embeds into H,,
If and only if:

s (IS bipartite and

s dq satisfies the 5-gonal inequality.

In particular, testing embedding of a graph G into H,, IS
polynomial.

The problem of testing scale 2 embedding of graphs into
%Hm IS also polynomial problem (Deza-Shpectorov).

-
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I1l. [{-embedding
of

Wythoff construction



Regular (convex) polytopes

~ Aregular polytope is a polytope, whose symmetry group
acts transitively on its set of flags. The list consists of:

regular polytope group
regular polygon P, I>(n)
lcosahedron and Dodecahedron Hj
120-cell and 600-cell H,
24-cell Fy
vn(hypercube) and 5, (cross-polytope) B,
oy, (Simplex) Ap=Sym(n + 1)

There are 3 reqgular tilings of Euclidean plane (36, 63,
44 = 6o = Z?) and infinity of (p?) on hyperbolic plane H?.
All non-polytopal regular tilings of dimension d > 3, are:
3 Euclidean (6; = Z% and 2 sporadic tilings of R*)
Land 15,7, 5 tilings of H? with d = 3,4, 5, respectively. J
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2-dim. regular tilings and honeycombs

fCqumns and rows indicate vertex figures and facets, resp. T

Blue are elliptic (spheric), red are parabolic (Euclidean).

2 3 4 ) 6 7 m 00
2 | 22123 |24 |25 | 26| 27 | 2m | 2
3| 32| ag | B3 |lco| 36 | 37 | 3m | 300
4 || 42 | ~v3 | 0o | 45 | 46 | 47 | 4dm | 40
5|52 |Do|54 |55 |56 |57 | 5m ]| 50
6 | 62 | 63 | 64 | 65| 66| 67| 6Mm | 600
(| 72|73 |74 |75 |76 | 77| /m]| 7T
Mm|im2  m3|  m4d | m5| m6 | m/7 | mm | moo
o0 || 002 | 003 | 00d | 00D | 006 | 007 | com | 0000
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A .

» Hyperbolic tiling pq (i.e. | + - < 5) embeds (for ¢ < o0)
Into %ZOO If pis odd and into Z*° if p Is even or .

Il above tilings embed, since it holds:

® Euclidean (parabolic, i.e. | + - = 3) 200 and co2 embed
into H, and Z*, resp. Spheric (elliptic, i.e.  + - > 5) 2m
embeds into H; for any m, spheric m2 embeds into H=
and %Hm for m even and odd, respectively.

® 0y =7%~3=Hs, 3=J(4,2), ap = J(4,1);
lcosahedron 35 and Dodecahedron 53 embed into %HG,
3 Hyo, respectively.

L 63 and 36 embed into Z2 and 123, respectively. J
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3-dim. regular tilings and honeycombs

(___ Q3 V3 (3 Do Ilco 09 63 36 ___W
Qa3 || ogx By 600- 336
O3 24- 344
Y3 V4 O3 % 435* 436*
Ico 353
Do || 120- 534 535 536
02 443* 444*
36 363
63 || 633* 634* 635* 636*

All emb. ones with d > 3 are, besides a1 and 3,1 all
bipartite ones (I.e. with cell v4, 641 Or 63): V441, 0g and 8,2, 1
hyperbolic tilings with d = 4,5,6. Last 11 embed into Z°.

. -
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4-dim. reqgular tilings and honeycombs

- —

U Y By 24- 120- | 600-

4 ous % B % 3335

B De(Dy)

V4 V5% YE; 4335

24- Vo(Dy) 3434
600-
120- || 5333 5334 5335

03 4343

Tilings 4335 and (non-compact) 4343 of hyperbolic 5-space
embed into Z°°.

o -
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5-dim. regular tilings and honeycombs
B o

Qs V5 B5 || Vo(Dy) | De(Dy) | 04
Qs gk B *
s 33343
V5 V6 05
De(Dy) 33433
Vo(Dy) 34333 34334
04 43343*

Four infinite series 6,4, v,4, ag and 3, embed into Z¢, H,,
1Hyyq and (with scale 2t for t = [$]) Hye, respectively.

Existence of Hadamard matrices and finite projective
planes have equivalents in terms of variety of embeddings

Lof G4y and ay. J
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Archimedean polytopes

=

An Archimedean d-polytope is a d-polytope, whose
symmetry group acts transitively on its set of vertices
and whose facets are Archimedean (d — 1)-polytopes.

They are classified in dimension 3 (Kepler: 5 (regular)+
13 + Prisms + AntiPrisms) and 4 (Conway and Guy).

IC(S) Is an Archimedean polytope If K Iis a regular one.

Since K(S) =K*({d—1—s:s € S}), it suffices consider,
for any non-empty subset S of {0,...,d — 1}, only
aq(S), Bq(S) and Ico(S), 24-cell(.S), 600-cell(S).

A complex X embeds into H,, or 5 H,, if its skeleton
embeds into hypercube H,,, with scale 1 or 2.

We also will consider Wythoffians 1C(S), where K is an
Infinite regular polytope, I.e., regular tilings of R". J
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Embeddable Arch. Wythoffians for d = 3
W =

Embeddable Wythoffian n embedding
Tetrahedron= a3({0}) = a3({2}) 4 | =J4,1); = +H;
Octahedron= 33({0}) = a3({1}) 6 = J(4,2)

Cube= j35({2}) = 55({0}) 8 = Hj
Icosahedron= Ico({0}) 12 + Hg
Dodecahedron= Ico({2}) = Ico({0})* 20 T Hig

tr Icosidodecahedron= Ico({0,1,2}) 120 His
Rhombicosidodecahedron= Ico({0,2}) 60 THig

tr Cuboctahedron= (35({0, 1, 2}) 48 Hy

Rhombicuboctahedron= 35({0, 2}) 24 J(10,5)
(tr Tetrahedron)* = a3({0,1})* = a3({1,2})* | 8 L H;

o -
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f Embeddable Wythoffian n | embedding T
(tr Icosahedron)* = Ico({0,1})* 32 *Hyg
(tr Dodecahedron)* = Ico({1,2})* 32 2 Hog
(Icosidodecahedron)* = Ico({1})* 32 Hg
tr Octahedron= 33({0,1}) = a3({0,1,2}) | 24 Hg
(tr Cube)* = B3({1,2})* 14 J(12,6)
(Cuboctahedron)* = (G5({1})* = a3({0,2})* | 14 H,

Remaining semi-regular polyhedra: snub Cube, snub
Dodecahedron, m-prisms and m-antiprisms for any m > 3.

They embed into 3 H,, for m = 9,15, m + 2, m + 1, resp.
Moreover, for even m > 4, m-prism embeds into HmTH and
(m-1)-antiprism embeds into J(m, ).

o -
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Embeddable Arch. Wythoffians for d = 4

-

Embeddable Wythoffian n embeddingT
ay = au({0}) = a({3}) = J(5,1)
Ba = B4({0}) = 1H,
va = a({3}) = B4({0})" 16 = H,
as({1}) = aa({2})=12 10 = J(5,2)
a4({0,3})" 30 Hs
54({0,3}) 64 SHio
as({0,1,2,3)) 120 Hio
B4({0,1,2}) =24 — cell({0,1}) = 24 — cell({2,3}) | 192 His
B4({0,1,2,3}) 384 Hig
24 — cell({0,1,2,3}) 1152 Hoy
600 — cell({0,1,2,3}) 14400 Hgo




First general results

-

We say that a complex X embeds into H,, (and denote it by
X — H,,) if its skeleton embeds into hypercube H,,.

1 Trivial: B;({d — 1}) = B4({0})* = ~4 1S the hypercube
graph H,.
34({0}) = 8, embeds in Hy; with scale 2¢, t = [{].

2 Easy: ifk € {0,...,d — 1}, then ag({k}) is J(d + 1,k +1).

3 Theorem: «a4({0,d — 1})* IS Hy1 with two antipodal
vertices removed. It embeds into H;. .
It is the zonotopal Voronol polytope of the root lattice

A4. Moreover, the tiling Vo(4,) embeds into Z+1,

=
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Embedding of Arch. order complexes
f 4 Theorem: a4({0,...,d — 1}) embeds into H(dgl). T

It is the zonotopal Voronol polytope (called
permutahedron) of the dual root lattice A},.

Moreover, Vo(A%) embeds into Z (21).

5 Theorem: 3;({0,...,d — 1}) embeds into H .
It is a zonotope, but not the Voronoi polytope of a lattice.

6 Computations:. embeddings of the skeletons of
24 — cell({0,1,2,3}) into Hyg and of 600 — cell({0,1,2,3})
Into Hgp, were found by computer.

So (since Ico({0,1,2}) embeds into H;5), all Arch. order
complexes embed into an H,,, (moreover, are zonotopes).

o -
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All Arch. order complexes are zonotope

|7 Ko,..., d-1}) = K*({O0,..., d-1}) G n embedding T

aq({0,.. ., d-1}) = Vor(A}) Ag (d+ 1)! H(d—2|—1)
B4({0, . .., d-1}) (not Voronoi) By 22! H >

Dy({0,1,..., d-1}) Dy 241! Hya—1)
I>(p)({0,1}) I>(p) 2p Hy,
Ico({0,1,2}) = tr Icosidodecahedron | Hsj 120 Hqs
24-cell({0,1,2,3}) Fy 1152 Hoy
600-cell({0,1,2,3}) Hy 14400 Hegg
Es({0,1,..., 5}) Ee 51840 Hsg
E-({0,1,..., 6}) E~ 2903040 Hgs
Es({0,1,..., 7} Eyg 696729600 Hyog




Other Wythoff Arch. embeddings
- o

7 Theorem: (3;4({0,...,d —2}) embeds into Hy(;_1).

It is a zonotope, but for d > 3 it Is not a VVoronoi polytope
of a lattice.

8 Theorem: 5;({0,d — 1}) is an ¢;-graph for all d.
But for d > 4, it does not embed into a 1 H,,, i.e. embeds
Into an H,,, with some even scale > 4.

Conjecture: If I is the skeleton of (non-regular) Wythoffian
P(S) or of its dual, where P is a regular polytope, and T’

embeds Into a %Hm then I" belongs to either above Tables
for dimension 3, 4, or to one of 6 above infinite series.

o -
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[1-Wythofflans of regular d-polytopes

Conjecture: all such non-regular ones are 9 sporadic ones
(600-cell({0,1,2,3}), 24-cell({0,1,2,3}), Ico({0,1,2});
Ico({0,2}), Ico({1})*, Ico({0,1})%, Tco({1,2})", B3({1,2}",

a3

1

2.

({0,1})*) and 6 following infinite series for d > 2.

cag{khH) =Jd+1LkE+1)fork=1,...,d—2.

ay({0,d —1})* =Vor(Ay;) — Hgpq (all but 2 antipods).
aq({0,...,d —=1}) = Vor(Aj) — H(d.gl) (permutahedron).
Moreover, Vo(Ay) — Z9t! and Vo(A%) — 7("3),
5B4({0,...,d —1}) — Hz (zonotope, not Voronoi).

B4(10,...,d —2}) — Hgyy—q) (Idem, for d > 4).
. B4({0,d — 1}) — H,,, with scale 2t > 2[47.

-



V. Some extensions of
Wythoff construction

and embedding



Cayley graph construction

f.o If a group G Is generated by ¢1,...,9:, then its Cayley T
graph is the graph with vertex-set G and edge-set

(9,99;) for g G and 1 <i<t;

G is vertex-transitive; its path-distance is length of zy .

o |If Pis aregular d-polytope, then its symmetry group is a
Coxeter group with canonical generators gy,. .., g4—1 (all

92=1=(gig;)™9) for m(i,j) > 2) and its order complex is

P({0,...,d — 1}) = Cayley(G, go, .-, ga1).

® Cayley(G,go,- - -, gn—1) €Mbeds into an Hy (moreover,

a zonotope) for any finite Coxeter group G.
L (T the set of elements, which are conjugate to some g;) J
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Embeddings for tilings

f.o Z has the natural i;-metric d(x,y) = |x — y|. T
® 7 is embeddable into co-dimensional hypercube H, 7 by

r— (...,0,0,1,...,1,...).

# Any graph (possibly, infinite), which embeds into Z™, Is
embeddable into Z°.

[1 The hypermetric (including 5-gonal) inequality is again a
necessary condition.

# For skeletons of infinite tilings, we consider (up to a
scale) embedding into Z™, m < oo.

There are 3 regular and 8 Archimedean (i.e. semi-regular)
tilings of Euclidean plane.

-
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Three reqgular plane tilings

Ssssess

63:V0(A2) — Z3

-

44=69=De(Z?)=V o(Z?)

36=De(Ag) — 273

N}



Eight Archimedean plane tilings

e eee:
X XX
XX XX

(3.6.3.6)=36({1}); (3.12%)=36({1,2});
dual — Z° dual — %ZOO

/N AN AN AN
LS RELEE
LR

4‘.%‘: . V.Y
BLLLLLLE




o

O WoNWeWe
10:0:0:0;
[ ] [ ] [ ] [ ] [ ]
O WoNWeWeWe

S 0.‘ 0.‘ 0.‘
| ] | ] | ] | ]

.‘.0.‘.0.‘.0.‘.0.
10:0:010:
.0.‘.0.‘.0.‘.0.‘.

(4.6.12)=36({0,1,2}) — Z°

KK
Eg

QA"QA"QA"QA‘
S

VOA‘VOA

QA‘QA‘Q

‘VQA"QA"

(3.4.6.4) = 36({0,2})

Eight Archimedean plane tilings

— %23

i
A%

X
by

(3%.6)

— %ZG

-



et

bN
e i

<>
NN \ngggg/f

ﬁ\\.//‘ix A7

L Mosaics 36, (3.4.6.4) and (33.4%) embed into 323 J
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Emb. Wythoffilans of reg. plane tilings
- o

Wythoffian embedding
02 = 02({0}) = 02({1}) = 02({2}) = 02({0,2}) Z*
36 = 36({0}) VA
63 = 36({2}) = 36({0,1}) A
(4.8%) = 52({0,1}) = 62({1,2} = 62({0,1, 2} Z4
(4.6.12) = 36({0,1,2}) A
(3.4.6.4) = 36({0,2}) 173
(3.6.3.6)* = (36({1}))* A
(3.122)* = (36({1,2}))" 32>

Other semi-regular plane tilings: (3%.6), (33.42), (3%.4.3.4);
see scale 2 embedding of 36, (3.4.6.4) and (3°.4%) into Z°.

o -



Wythofflans of reg. 3-space tilings

|7 Wythoffian Nr. | embbedding? T
03 = 03({0}) = 03({3}) = d5({0,3}) 1 Z?
5({1,2}) = Vo(A3) 2 Z°
63({0,1,2}) = 65({1, 2, 3})=zeolit Linde | 16 Z9
03({0, 1,2, 3})=zeolit p 9 A

03({1}) = 03({2}) = De(J — complex) | 8 non 5-gonal
03({0,1}) = 03({2, 3} )=boride CaBg 7 non 5-gonal
03({0,2}) = d5({1,3}) 18 | non 5-gonal
03({0,1,3}) = 05({0,2,3}) 23 | non 5-gonal

There are 28 vertex-transitive tilings of 3-space by regular
and semi-regular polyhedra (Andreini, Johnson, Grunbaum,
Deza-Shtogrin).

o -
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Exp.: not 5-gonalds({0,1}) = d3({2,3})
- o

L Nr. 7 (of 28), tiled 1:4 by 33 and tr. ~3; boride CaBg J



Exp.: not 5-gonalds({0,2}) = 6({1,3})

.4

NI

P

I

/

L Nr. 18 (of 28), tiled 2:1:2 by ~3, Cbt and Rcbt J



Some Wyth. of reg.d-space tilings,d > 4
. _

Wythoffian tiles embbedding?
0q = 04(10}) = da(1d}) = 04({0, d}) Vd Z*
04({0, 1})=tr o4 Ba, tr v4 non 5-gonal
Vo(Dy) =Vo(Dy)({0}) 24 — cell non 5-gonal
Vo(Dy)* =Vo(Dy)({4}) B4 non 5-gonal
Vo(Dy)({1}) = Med(Vo(Dy)) V4, Med(24 — cell) | non 5-gonal
Vo(D4)({0,1})=tr Vo(Dy,) Y4, tr 24 — cell Z12

Conjecture (holds for d < 3):

5,(40,...,d}) and 6,4({0,....d — 1}) embed into 2% .
Remind that 5;({0,...,d — 1}) embeds Into H .

o -
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