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Hukonan MuxannoBun4
Kopobos poanncsa B MockBe
23 HOosA0psA 1917 rooa B ceMbe

C/Yy>KaLLnX, OTBETCTBEHHbIX
PaboOTHMKOB MoYTaMTa -
BapBapbl TeoprueBHbI
reopruesoun v Muxaunna
Hukutnya Kopobosa.

Nikolay Mikhailovich
Korobov was born November,
23,1917 in Moscow. His
parents Varvara Georgievna
Georgieva and Mikhail
Nikitich Korobov were postal
employees.

PoanTtenn H. M. KopoboBa
Korobov’s parents




Ctapwun 6paT Hukonaa Muxamnnosmnyia BUKTOP poanICS
Ha YeTbipe roga paHblle, oo Nepson MMPOBON BOWHLI, B 1913

rony.

-

BukTop n Hnkonam KopoboBssl
Victor Korobov and Nikolay Korobov

Victor Mikhailovich was the eldest brother of Nikolay
Mikhailovich, he was born before the beginning of World War | in
1913.




OT1eu - KopoboB Muxamn Hukntmny (1882 - 1940) - paboTan
Ha MOCKOBCKOM no4vtamMTe Ha MAacHuUKon ynumue ogHuUM ns
BeoyLNX NHXXEeHepOoB CBA3WN.

Muxaunn HUKMTMY Ha no4ytTamTe
Mikhail Nikitich at post office

Nikolay’s father Mikhail Nikitich Korobov (1882 - 1940)
worked at the Moscow post office at Myasnitskaya street in the
capacity of the chief communication engineer.




C otuomMm Muxamnom HUkKntTuyem
Nikolay Mikhailovich with his father




MaTb - BapBapa 'eoprmnesHa
[eopruesa (1888 - 1962) - poannach
B MockBe, OKOH4YMMa 3 KJlacca, nocse
4yero paboTtana wBeen. B 1904 roay
nocTtynusaa Ha lNpevYncTuHcKkue
Be4yepHune paboyme Kypchl (2 rona
obuieobpasoBaTesibHble U 3 roaa
cneumann3npoBaHHbIE
MaTeMaTu4YeCckmne Kypchl).

Nikolay’s mother Varvara
Georgievna Georgieva (1888 - 1962)
was born in Moscow. After finishing 3
forms of school she started to work as
the seamstress. In 1904 she entered
evening school for workers (2 years of
general education and 3 years of
special mathematical education).

BapBapa [eoprmnesHa
Varvara Georgievna

y




B 1908 rony BapBapa [eoprmeBHa
BblEep><aJla SKCTEPHOM 3K3aMeHbl Ha
3BaHWE y4nTena mateMaTtukm (anrebpa
n reomeTtpus). UMeHHO OHa
chopMmpoBana MHTEPEC K MaTEMATUKE
y Hnkonasa Kopobosa. B 1909 roay
BapBapa [eoprmesHa noctynusia
paboTaTb Ha MOCKOBCKNI NOYTaMT.

In 1908 Varvara Georgievna passed
examinations without attending lectures
to become teacher of mathematics

(algebra and geometry). She did

inculcate in Nikolay Korobov interest in % S
mathematics. In 1909 Varvara |- NN EOEREE
Georgievna began to work at Moscow Konsi Kopobos ¢ Mamoi

. Nikolay Korobov with
post office. his mother




C 1924 no 1935 roabl Hukonanm
MuxannoBu4 y4ymsnacsa B 24-on LWKose
bayMaHCKoOro pamoHa ropoga MocCKBbl.

Nikolay Mikhailovich studied at
school Ne24 of Bauman district of
Moscow from 1924 to 1935.

LLIKONbHbIE OPY3b4
School friends




B nioHe 1935 rona Hukonam KopoboB npuHaI yyactume B
lNMepBon MockoBckon MateMmaTnyeckoun OsmmMmnuage, roe
Obl1 Harpa>xaeH NepBon NpemMnen.

In June 1935 Nikolay Korobov took part in the First
Moscow Mathematical Competition where he was awarded
the first prize.




B 1935 roay Hukonanm Mmuxannosmnd Kopobos noctynua Ha
MeXaHNUKO-MaTeMaTn4yeckum pakynbteT MOCKOBCKOro
rocynapcreeHHoro yHusepcuteta um. M. B. JlIoMoHOCOBa.

MY um. M. B. JlIoMmOHOCOBa

Lomonosov Moscow
State University

In 1935 Nikolay Mikhailovich Korobov entered the Faculty of
Mechanics and Mathematics of Lomonosov Moscow State
University (MSU).




30ecb, byaoyym ewe CTygeHTOM,
Hukonanm KopoboB Ha4as CBOIO
nenarornyeckyto 0eaTesibHOCTb,
paboTas Co WKOJIbHUKaMK B
MaTeMaTn4eCKoM Kpy>xke npu MIY.

When Nikolay Korobov was still
a student he started his educational

work in MSU. He worked with pupils
in the mathematical study group
attached to Moscow State
University.

CTyneHT yHuBepcuteTa Kopobos
Korobov, the student of University




My3blKa, PO3bl U MATEMATUKA
OblJIN NCTOYHUKOM OYXOBHbIX CUJI
Hukonaa Mmxamnosm4a

KopoboBa Ha NpoTAXXeHUn BCeN
ero XXMN3HMN.

Music, roses and mathematics
were pure sources of inspiration
for Nikolay Mikhailovich Korobov
during his life.

MOCKOBGHHE OPAEHA NEHHHA [OCYJAPCTBEHMGIA YHWBEPCUTET !
pmani M B NOMOHOGCOEA

0 HOCMORULL IO TR MOmL)
/‘IJU;(J odob Y MHukornor

Hropu cmompa.

- Jﬂ f@npens




BcTpeya Ha 4YeTBEPTOM Kypce CO CBOUM ByayLmMm yynTenem
N HAY4YHbIM pyKoBOAUTENIEM, YeHOM-KoppecnoHaeHToM AH
CCCP Anekcangpom Ocunosmn4dyemMm NenbcpoHgom onpenennna
KPYr Hay4HbIX nHTepecoB H. M. Kopoboga.

Teopus yucesn ctana OCHOBHbIM
MnoJieM ero Hay4Howu v negarorn4eckou
0eATeNIbHOCTW.

When Korobov was a four-year student
he met with his prospective teacher and

scientific adviser, the Corresponding /
Member of the USSR Academy of Sciences o
Alexander Osipovich Gelfond. Korobov's = .

scientific interests were defined by the A O. Fenbdonn
meeting with Gelfond. A. 0. Gelfond

The Theory of Numbers became the main in his scientific
and educational work.




B 1940 roay H. M. Kopobos
OKOHYWMN C OTJINYMNEM YHUBepCcuTeT. B
anpene 1941 roga y Hero poaunaach
CTaplwas oo4b AHHa. [locnie BONHbI Y
Hero poouancb ABa CblHa Oser v
AHAgpen v oBe no4epn 308 1
AslekcaHpgpa.

In 1940 N. M. Korobov graduated
the university with honors. In April
1941 his senior daughter Ann was A -
born. After the World War Il his two e ‘ﬁﬂ ¢ 2
sons Oleg and Andrey and two R\ ‘f‘ ’”h
daughters Zoya and Alexandra were SRS =

o

born. H. M. Kopo60B ¢ fo4epbio AHe

N. M. Korobov with his
daughter Ann




B roabl Bennkon OTeyecTBEeHHOU
BOMHbI Hnkoslam Mmuxamnnosmn4 Kopobos
CNy>Xun B panax KpacHom Apmum -
rnpenonaBas BbICLUYO MAaTEMATUKY B
JleHMHrpanckon BOEHHO-BO34YLLUHOM
aKkageMum.

In the years of The Great Patriotic

War Nikolay Mikhailovich Korobov was in
the ranks of the Red army. He taught
higher mathematics in The Leningrad
Air Force Academy.

H. M. Kopobos, 1943 roa
N. M. Korobov, 1943




Mocne npemobunmnsaunm B 1945 rogy Hukonam Mmnxamnnosumy
nocTynun B acnmpaHTypy MI'Y kK AnekcaHapy Ocnmnosuyy

[[enbooHOY 1 B 1948 roay 3allNTU KaHONOATCKYIO
ounccepTtaumnio no teme «HekoTopbie BONpocbl paBHOMEPHOro

pacnpegneneHus.

In 1945 after demobilization Nikolay Mikhailovich entered the

post-graduate courses of MSU. Alexander Osipovich Gelfond
was his scientific adviser. In 1948 he defended Ph.D. Thesis on
the subject of «<Some problems of even distribution».




B 1953 roay H. M. KopoboB nony4uns cteneHb AOKTOpa
dUn3nNKo-MaTeMaTu4YeCKNX Hayk, 3alnuTUB AnccepTayunto rno teme
«06 apugpmMmeTn4ecKmnx CBOMCTBax NoKasartesibHbIX
pyHkunn>». ONNoHeHTaMM Mo JOKTOPCKON anuccepTaunm dbiin
BblAaloWimecsa cneynanncTtol no Teopun 4ncen HO. B. JINHHUKK,

A. A4. XH4YnH n H. I'. Yypakos.

0. B. JINHHUK  * = “ A. A. XnH4YnH i;":ﬁf; . H. . Yynakos .

u. V. Linnik“; A. Y. Hinchin & g N.G. Chudakov  =f

In 1953 N. M. Korobov took a doctoral degree in physics
and mathematics. He defended the Thesis on the subject of
«About arithmetial characteristics of the exponential
functions». The opponents of doctoral thesis were the famous
specialists in the theory of numbers U. V. Linnik, A. Y. Hinchin, N.
G. Chudakov.
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B 1948 rogy Hnkonam Mmnxamnosu4y HavaJs npenonaBaTb Ha
Kagenpe Teopumn 4yucesl MexaHUMKo-MateMaTu4ecKoro
pakysnbTeTta MOCKOBCKOIro rocygapCTBeHHOro YyHMBepCcuUTeTa
nm. M. B. JlJomoHocoBa. 3aecb B 1955 roay emy 6b1J10 NpUCBOEHO
3BaHMe npodgeccopa.

In 1948 Nikolay Mikhailovich began to teach at the

Department of the Theory of Numbers of the Faculty of
Mechanics and Mathematics of Lomonosov Moscow State
University. In 1955 the rank of professor was given to him.




MacTepcTBO negarora n guanrpaHHslie nekunmn Kopobosa
OblIN JOCTOAHNEM LUMPOKON CTYOEHYECKON ayauToOpun B
MOCKOBCKOM MeXaHN4YeCKOM UHCTUTYyTe, MOCKOBCKOM
dHepreTn4eckomMm MHCTUTYyTEe, MOCKOBCKOM roCcyapCTBEHHOM
negarorM4eCKoOM MHCTUTYT e |
um. B. N. JleHnHa n MBTY
num. H. 2. baymaHa.

The mastery of
teaching and thorough
Korobov’s lectures were S
the property of the general HyKoNai MNXalIoBIUY Ha NeKLMM
student audience in Nikolay Mikhailovich at the lecture
Moscow Mechanical Institute, Moscow Institute of Energetics,

Lenin Moscow State Pedagogical Institute and Bauman Moscow
Higher Technical College.




OnoHako Hay4YHasa geatenbHocTb H. M. KopoboBa bbls1a
CBA3aHa He TOoJIbKO C MOCKOBCKMM roCcy4apCTBEHHbIM
YHUBEPCUTETOM. Ha NpoTAXXeHUN NATNAeCcATn ceMun JieT OH
npopaboTan B cucteme Akagemun Hayk:

1948-1972 - MaTteMaTnyeckum nHcTutyT AH CCCP
nMm. B. A. CTekJioBa;

1979-1988 - BblyncnutenbHbin UeHTp AH CCCP;
1988-2004 - VIHCTUTYT UCTOPUN eCTeCTBO3HaHWS
n texHnkn PAH nm. C. . BaBunoBa.

However Korobov’s scientific effort was allied not only to
Moscow State University. For 57 years he has worked in the

Academy of Sciences:
1948-1972 - Steklov Mathematical Institute of the USSR
Academy of Sciences;

1979-1988 - Computing center of the USSR Academy of Sciences;
1988-2004 - Vavilov Natural History and Technics Institute
of Russian Academy of Sciences.




Hay4Hasa neaTtenbHOCTb HUKonaa Muxannosnda KopoboBa
pa3BMBaJlaCb B Tpex HanpaBJ/IeHNAX, B KaXXA0M U3 KOTOPbIX OH
nobuncsa BblAaKWMNXCA pe3yibTaToB:

1. ViccnepoBaHue BOrpoOCoOB pacripeaesieHuns
DPObHBMCanBBIBaHNE N OLU€HKN TPUTOHOMETPUYECKNX
CYMM U NMpuMeHeHne 3TUX OLIEHOK K pPa3J/iInyHbIM

BOrpocaM aHaJIMTU4eCKON TEOPUUN YNCE;
3. NccnepnoBaHne BoripocoB rnpunbinxxEHHOro

BblYNCJIEHNA KPATHbLIX MHTEIPAJlOB.

There were three directions of Korobov’s scientific effort.
In each of these directions he has achieved the great results:

1. The research into fractional distribution;

2. The research and estimations of trigonometric
sums and the application of evaluated estimates to
different problems of analytical theory of numbers;

3. The research into approximate computation of
multiple integrals.




B pamMkax nccienoBaHugd
BOMPOCOB pacrnpeneneHns
OpobHbIX nonen H.M. KopoboBbIM:

661710 BBeeHO NMOoHsATHUEe BMoJIHe
paBHOMepPHOro pacnpeneseHus

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced
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B pamMkax nccienoBaHugd
BOMPOCOB pacrnpeneneHns
OpobHbIX nonen H.M. KopoboBbIM:

661710 BBeeHO NMOoHsATHUEe BMoJIHe
paBHOMepPHOro pacnpeneseHus

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced

Nosaanm Arxagevun Hayx CCCP
1945, Tox LXII, M1

MATEMATHKA
H. M. KOPOBOB

O ¢YHKUHAX C PABHOMEPHLIM PACNPEIEJEHHEM
JNIPOBHBIX AOJEH
(Mpedemasseno axadeancos M. M. Bunospadossae 25 VI I845)

dynxura  f(x) HIILBAGTCH papHOMEpHO pacapeaetesucit (mod 1),
ecad ana x=1, 2, ..., P uncao Pz, B} sunoaseHsl nepasencrea

e (fle <"
YAOBASTBOPALT COOTHOLIEHHIO:
Pla, B)=(B —«) P+ 0 (P)

aas gwbpro wwrepsaaa (=, B) € (0, 1}

B 1916 r, Beiaem (') Omaa gokaszand PABHOMEDHOCTH PACNpeleNeHids
ApoOHEX A0AeH NOAHHOMOB NPOH3BOJABHON CTENEHH, HMEUWHX XOoTa 6M
OJiHH HPPALHOHAABHEA KOosPhuIHenT (He cuHTas CBOSOAKOND YALHA).

Peayabtart Beftaas Guan 8 1931 r. oSobmenwt Ban gep Kopnyros (%),
AOKA3ABIIMM PABHOMEDHOCTE pacnpefenenus Qyukumel f(X), L0 KOTOPHX
KOHEUHaA PAIHOCTh HEKOTOPOTO WOPAAKA # CTPEMUTCH K HpPauHoHAIL-
HOMY WHCAY NpPH HEOrPAaHM4EHHOM BO3IPACTAHHH X, a Tawxe aas dymaui,
YAOBASTBOPAMULHN YCAOREAM

Hm x|A"F{x)]|==c, tim A" f{x)=0,
Y i 20

apuues crpesaenne A" f(x) ¥ HyA0 MOHOTOHHO.

Kax moamnomu, tak u dyaguun f (x), paccuorpennwe Ban gep Kop-
ayToM, o0FALAK0T TEM CBOHCTBOM, HTO CYIIECTBYIOT HE BIE DABILIE HYO
UEAWE My, My, ..., M, NPH KOTOpHX dyHKmMA

Foxy=m flx4- 14+ 4-mflx45) (n
yae He OYReT PABHOMEPHO pacnpeserena.

Jlerko BHAETH TAKKE, 4TO A48 KOKAOR B3 aTHX QYyHKUHI CymEecTBYeT
woncranta M =0 Takas, 4TO mpH BO3apacTalpmux X Gyger

f{x)=s0 ().

B reopeme | Hactomwed pafoTH © OOMOWbLIY ONEHKH CYMM
Beitan, noavaennod K. K. Mapasanumuwsuan 1 B, M. Ceranom (*), naxo-
AATCA AHAINTHYECKHe BYHKIHH, JAAA KOTOPHX npH Modoyd BEOpe UeAHX
My, «oe M, HE BCEX paBHEX Hymo, dyuxunn (1) Gyier paBHOMEepHO
pacnpepenena.

21




B pamMkax nccienoBaHugd
BOT p OCOB p acn p efneneHuns mes Gywcizion ¢ BIOAHE PABHOMSDHD. PACHpEACACHKMMI. ApoOuman

Poct dynkned, moaysawomexca s Teopese 1, YAOBATBOPHET YyCAO-
BHAM:

0pobHbIX ponent H.M. KopoboBbiM: FESLAE, e TS

ana seaxoro M =>0 » #exoroporo &, == 0.

B reopeme 2 npuMmenesHem ouexok cysmM Beian, noayuemunx
H. M. Bunorpaposum (%), xaace dyHkuuit ¢ BIoaHe paBHOMEPHO pac-
apefeneHHbiME APOSHMME NOJAME DACIIHPAETCH A0 (yHruHiH, VAOBAET-

6b1J10 BBe4eHO NOHATUEe BMNOJIHe S
paBHOMepHorO pacnpeﬂeﬂeH"ﬂ | 9 F x 2, AOKAa3H -

feopena 3. fMyems a =2 geroe, 0, ={f (%)), 2de [ (x)—npousao.as-
HAR PHYHKGUR © BROARE PASHOMEPHEM pacnpedenenues opoGrsx doaei.

- [Bga]
. o) ol - -
Tezda npu kaxcdosm a— :‘ ok PVHKLRL oQ” PABHOMEPNO PACHPEIEACHN

Teopema 3. [Tycme a > 2 yenoe; 0, ={f (k)}, 20e f (x)—npoussors-
HAST QYHKLGLSL C BNOAKE PABHOMEPHbLM pacnpedesenuesm OpoOHbLX 0oaed. [~

[e ka] OK A3H -

A

To2da npu kaxcdom oa— Z Lk PYHKGun ea® pasnomepro pacnpedesers. i
k=1

{mod 1). o

I n Mpamep 2

2, Dynknua «-xl piBHOMEpPHO pacnpejeneHs NpPH

o B @)

research into fractional distribution 2%

ecan 0<8<_1 (nonycrumocts aamens {(#°] wa A% 8 (2) aerxo npope-
paercsa).
- - S3ameuawne. Teopema 3 noaydaerca H3  TeopeMmu 4 npH
the Con Ce t’on Of u’te even Gi=f= ... == ... = & W 3ameHe TpeopaHHa pPaBHOMEPHOCTH pac-
npeaeacHng f[.\'j Gosee  CHALHEM T[JEGUIIIIIH!EM Bloane piiﬂ]l(}ﬂepl!{)l‘i
pacnpesenenuocTd, OAHAKO OHA He MOMET OHTHL [AOKA33HA METOLOM
TeopeMs 4, B KOTOpPOM cymecrsenHo TpefomauHe HEOrPIHHYEHHOrO

distribution was introduced

UHTHPOBAHHAR JHTEPATYPA

' H. Weyl, Math. Ann., 77 (1916},  ® J. GG. Van der Corput Acta Math., 56
(1931}, * K. K. Mapawauwwpman uw b I, Ceran, HAH, 28, Ne 8§ (1940).
CH. M. Burmorpanos, AAH, 43, 2 2 (1944).

]




DyAROHA, YAOBACTBOPRIOUINE STOMY YCUOEHW, HA3WBAEM B AaAbHEl-

B pamMkax nccienoBaHugd
1..I]l’..'|! q])'li!(llliﬂ.\ﬂ{ C BAOJAHE pDABHOMEDRHO pacopene e HHLIMH JU.FJUGJ["J[:'!!‘!
B O I-I p O C O B p a C I-I p e ﬂ' eJ-I e H VI ﬂ AUHI?;‘C“T. QyHKUEA, NOAYHAOMKXCA B Teopeme 1, YAOBASTBOPHET YCAO-

BHAM:

npobHbix nonen H.M. KopoboBbIM: I demipk It o

B reopeme 2 npuMmenesHem ouexok cysmM Beian, noayuemunx
H. M. Bunorpaposum (%), xaace dyHkuuit ¢ BIoaHe paBHOMEPHO pac-
apefeneHHbiME APOSHMME NOJAME DACIIHPAETCH A0 (yHruHiH, VAOBAET-

6b1J10 BBeeHO NoHATHUe BMoJIHe

rae b, T>1— Hexkoropas KOMETaWTa,

paBHOMepHOro pacnpenesneHus e o v 112 s

Teopewma 3. Myems a2 geaoe; 0,={f (&), ede [ (xX)—npouzao.as-
HAR @PYHKYLA € BROARE PASHOMEPREMN pacnpedenenues dporsx doaei.

Teopema 4. [lyems gense ¢;<q,<... <g<... ydosaremso- [
pawom  ycaosusaxm: ¢, >2; lim q,=—oo; nycms dasee 6,={f (k)}, 20e |

— oo TBOpAET

f(x) npoussoasras pasrHomepHo pacnpedeseHHast GYHKYUL,
oD

f(x)=0 (&),

AeIE0-
k), 2de

W
Tozda npu wazncdom o= Z % gyuxyun ag, ... q, pasHomep-
=1 » dERE k iHOMED-

INn § #o pacnpedesens (mod 1).

-
N i

research into fractional distribution =2

ecan 0<8<_1 (nonycrumocts aamens {(#°] wa A% 8 (2) aerxo npope-
paercsa).
- - S3ameuawne. Teopema 3 noaydaerca H3  TeopeMmu 4 npH
the Con Ce t’on Of u’te even Gi=f= ... == ... = & W 3ameHe TpeopaHHa pPaBHOMEPHOCTH pac-
npeaeacHng f[.\'j Gosee  CHALHEM T[JEGUIIIIIH!EM Bloane piiﬂ]l(}ﬂepl!{)l‘i
pacnpesenenuocTd, OAHAKO OHA He MOMET OHTHL [AOKA33HA METOLOM
TeopeMs 4, B KOTOpPOM cymecrsenHo TpefomauHe HEOrPIHHYEHHOrO

distribution was introduced

UHTHPOBAHHAR JHTEPATYPA

' H. Weyl, Math. Ann., 77 (1916},  ® J. GG. Van der Corput Acta Math., 56
(1931}, * K. K. Mapawauwwpman uw b I, Ceran, HAH, 28, Ne 8§ (1940).
CH. M. Burmorpanos, AAH, 43, 2 2 (1944).

]




B paMKax nccinepgosaHus
BOMPOCOB pacrnpepneneHnd
OpobHbIX nonen H.M. KopoboBbIM:

6b1/10 BBE4eHO NMOHATHE BIOJIHE
paBHOMepHOro pacnpepgesieHns

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced




B pamMkax nccienoBaHugd
BOMPOCOB pacrnpeneneHns
OpobHbIX nonen H.M. KopoboBbIM:

661710 BBeeHO NMOoHsATHUEe BMoJIHe
paBHOMepPHOro pacnpeneseHus

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced

M3BECTHUS AKAJEMHWHU HAVEK CCCP
Cepisa MATEMATHTIeCERT
14 (19560), 215238

H. M. EOPOEORB
¢ HEROTOPBIX BOIPOCAX PABHOMEPHOT'0 PACHPEJEJIEHWA

(IT pedemasasno AxaieMuros H. M. BEHOrPS0BLIN])

B pafore yCeTamALTEBEReTCA RASCO fyvErmEl ¢ panEOMEPNO pacHpese-
mennEsaE  IPOGHEAME  LOCAME, PACTYIMEX Guorpee no0foro OOXNAOMA, &
FaRHE WOCHEMYITCA CAYSAR PIEEOMEPHOTO PACIpeasIonmd YR B
Oy Gyr - -« b Gy W 0T WP METRX Gy Fuy Tav - -0 Ggn

Bregenne

@yrwuma [ () BaIEBASTCH HROHOME PHO pacnpedeaenGE, ecnm AR K-
goro mmrepeana (=B} = (0 1) mpn z=1, 2, ..., P wcno Nop Bunogenad
ncpaeeucn;a
e {f (=) <P
y]l,ﬂ'B-‘[(ETEDPFIUT COOTHOIISHEID

Nop= (g — ) P 4+ o(P).

Bnecw {f (z)} — apobuas pona Gyssmam f(x): {F (=)} = Fl=)y — [ {=)]-)
MMocTaHOBRA BOTPOCA © PABHOMEPHO PACHPEENeHIX $ynmnEax B mep-
B0 OCHOBHEE pesyIsTaTH npmmapnesar Beilino (*). Befins pmowasan, 4TO
HEOGXOMIEMEM B AOCTATOMINM YCJA0EREM PABROMEDHOCTR PaclpeReenis diymn-
man j (x) ABNASTCA BHNONHENNE JJA BCEX HRJRX m = 1 nmpefensHOTO paBeH-

craa
IS
lim FE efrimf =) — (), 145}

Pepon
e

IopsTRe PaBHOMEPHOTO PaCIPefeseuna Jerko ohofmaeren Ha caydalt
MHOTOMEPHOTO TPOCTPARCTER.

Coerema $ymrumit g (), - .., 9 (¥) DAZMBABTCH pashomepho pacn pedes.
Holi @ S-MepnoM Rpocmpancmée, ecim man x=1, 2, ..., P umcno TOYER
({e{®)), - - oo [pa{z})), mOmEBIEX B OPOHIBOIERYK TALTL ENUEHTHOID $-Mep-
moro ryGa, acmMutoTRuecks papmo w-FP, Tae 7 — ofpeM yHazaH#oll  HacTH
wyGa.

Copasejnms Talkke KpHTEpHil, apazornaami ()=

Heobzommyning B JOCTATOUHEM YCHOBAEM [RRIOMEDHOCTH pPacHpeseTeHaH
cmeTemil pynROEE ¢ (T), - .., Ps(T) B $-MOPHOM NPOCTPAHCTEE ABIAGTCS DR
HONHeRERe AAA JO0HE METEE My, ..., T, B8 BCEX DABHLIX HYII0, PABEHCTEA

P
E G2 (s et mens ) g (DY, (1)

i
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C momomeie wmpmrepma (I) Beiinn gokazan pasEoMeprocTs pacOpefesieHnm
ONTHEOMOE NPORSEONBHON cTemenn n > 1

f(z) = agz™ 4o o+ oy + @,
BMemEx Xora O ommn wppanuomazsunill wospdrunent (kpome a,).

Hpyroe, 4ECcTO apAfMEeTAIECKOE JOKAZATENECTEOD TEOPEMI O ApOOHMX
Aonax poamaovda Ommo moaydeno M. M. Bumorpamommasr (2). Bonpoer  pac-
Opejieennd APOGHMX Aol PacCMATPHEANMCE TAKIEE B DAme MOCHRIYIOIMY
paGor M. M. Bruorpagosa (*).

Haaerelimee passgrae merop Beitns nonyasn n paGorax Bam gep Hop-
myTa (%), KOTOPMIE A0Kasa PABHOMEPHOCTE DACOPENEIcHRA HEKOTOPHEX Kiacs
cop QyRRONI, PacTyIEX KaK NOJMHOMEL

Hax gaa moammowmon, Tak m gna §yusoei f(z), pacesmorpenmux Bawm
gep Hopoyrtos, momno numbpars mensie my, ..., m,, B8 Bee DABEES HYID,
THH, =TO HyHERIHA

Fo@y=myfle+ 1)+ -t mflzts)

yae me OyAeT paBmoMepHO pacHpefeicHa; AR Kamaolt ma sTex dymeomi
cymecTEyeT Komcranta y >0 Takam, wro npm moapacrammex x Gymer:

flz) = o (27).

B mepsoit raase osrofi palorst CTPOATCA PABHOMOPHO DRCHpoIeMeITHEIS
yEr o

fia)= 3 mat,
L

POCT RAMOH B3 HOTODMI YIOBISTEODAET YC/OHHID
Fz) = L (=) (v — opomzsonueo Goskinos).

OTE fyHHOME OTAHTAKTCA OT NOAEROMOB B (yEmmmi, mayyenaux Bam mep
HopmyTom, eme & Tes, 9To npn 1wloM Beilope UEAMX My, ..., i, 0¢ pas-
HHYX OQHOBDEMEHRO Oy, JRaeliman HomGmmaiumm

Folz) =myflz+1)+-+-F+mflx+s) (=1 npomasonumo)

TAKWE OPEICTARIAeT coboll paBHOMepEO pacripefencHnyi  dyernmo. Dyusk-
omEE, oONaxalomme 3TEM cBOBCTROM, HAZOBEM GROLNE PIENOMEDPHO  pack pede-
ACHIBEAL.,

B reopeme 1 ¢ moMOmBI0 OHEHKE TPACOROMETPHHECKHX CyMM, HOTYIeHmoll
K. K. Mapgpmampameaan a B. M. Ceramos (*) mo mevony Beiiaa, crpomzesa
CPABHATENLNO yIRM KIace BEOJAE PABHOMEPHO pACOpeRefeNHEX (yHEKInG
F(x), pocT KOTOPEIX YNOBAETRODART YCTOERAM:

f($l= g{_-g“-lﬂ 'ln::}_ Flz)= Q(zxminx) (}'1 ke > (})‘
B TEOPenTe 2 DpAMCHEHETEM HOMMX, SHAMHTAILED Dones CHALHEIE ONMenoR

cymm Beftan, nomyzemnux 1. M. Bruorpagosum (%), snace ¢y mwmsii ¢ snoame
PABHOMEDPHO pacHpefesIeHnMME JpolH Ml JoIAMN pacmupaeTca Ao Gynnun,
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—x
pacTymux GuicTpes wen xllnx) # upn moios e > 0, (Peaynsrarer Teopesu 4
ABGAIOTCH COGMCTEREM Teopemm 2.)

Bropaa riass MOCEANIEHA BOIPOCAM PaBHOMCPHOCTH pacmpemeacams fy Bk-
mail BEEa

fz) =a-p(x)

(o mppanmoRantio; $(z) — fYHKINA, ODpEEAMAKMIAR TeJdkle 3HATeHHA).

PaccMmartpasawTes A8 cay€an:

1. fz) =m-gq- ~+ @, Te ODEOWE §r YAOBISTEODANT YCIOBMAM

fe=2(z==1,2,...), lim gz= oco.
o0
2. f(z) = ag® (g =2, nenoe).

B reopess 3 poxasmBaeTcd, 9TO HeOGXODUMEIM W JOCTATOTHRIM YoIOEWEM
PABHOMEPHOCTH pacHpefe/eans GYHRNEN o, -« - §y ABRIAOTCH NPEACTARAMOCTE
& pPAZOM

o [By7x)
s=&+3 ain Gl

rae By = {o (&)} — gpobnne poam wapoit-sR0yHoL paBEOMEDHO PACHDEAEACHNONE
fymrman o (z).

B reopeme 4 ¢ mMOMONIsED BROHERNOTNS BHIIE MOHATHA BIOJAHE PaBHOMED-
HOMD  PACHPeNeNeHEA [OKA3RBRETCA HOCTATOMHOR YOJODNS  DAaBHOMBDHOCTH
pacopefeTenna §yHRouE ¢, COCTOAIMSC B NPeICTABMMOCTH o [ROM

@
w=y+ 3 7,
=]
rae O — gpobrue Donn MpoR3BOAEHOH BHOANE PABHOMEDPHO pacOpemcieHHol
ryma .

Tax, sauprwmep, dymxcoms ozl @ oe,-27 GyAyT paBmOMEDEO PACITPEIeTeHbE
ONE oy B ooy, ONpEARIeHHERE DAaMB:

e 3 i,
o=KL 0<a<), o= 3 Ele®h
Rl et -

=
(Momao pubpats g (z) = Ec—*‘ % — PypEnp0 BOONIES PABHOMOPHO pacope-
HENeHHYN), B CILIY mnpeaﬁmﬂz,)

Oymomn BEga o-$(x) meyuanmscs Bediaem (%), daa caygaes, pazoGpan-
HEX BO ETOpOil rmase, m3 pesynasTator Beiian caegosaisa  pasHOMOpPHOCTS
pacmpeiesenina TOU9TH TH BCeX 3HAYeHmil mapaMmerpa o, OgEAKO He OO
FAECCTHO I OJHOTO UPRMEpa o, OPI KOTOPOM HOMyuasock O paBROMepHos
pacnpejesienme.

Teopesma 5 maer apyroe pemenie BONPOta © BeIMYHEAX o, UL ROTOPRX
fyurnEn  @g* paBHOMEpPHO pacHpefedeHs. B oramume OF  ARATHTHYCCKOTO
MeTOjia TeopeMul 4 3jech AOKAIATONRCTEO DICMEHTAPHO: B HeM He HYiHeH
rpurepail Beilnm @, Tammw o0pasoM, He IPHBASKAETCH TEOPHA TPHIOHOMETpM-
HECHEX CYMAL
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BO |‘| poc O B p a C rl pe ﬂle n e H Vl ﬂ B saxamwuense s Xouy sepasmnTs rayGorxyw Gaaromapwocrs A. O. Temn-

Jongy sa BHEMAaEWe, NpogBleHHoe ¥ Moel palore.

nPOo6HbIX fonein H.M. Kopo6oBbIM: —

DyEEIHE ¢ BIGIHEe DPABHOMEPEEIM pacnpefetenmem apobunix moxe

§ 1. TEOPEMA 1. Hyem» gynryuz f(z) onpedeacna scwiy cxodumimcs
pados:

6b1s10 BBed4eHO NoHsATue BIIOJIHe 10— Fast 1ol =,

paBHd § 1. TEOPEMA 1. Iycmv gynryus f(z) onpedesera eciody cxodawumca |
padom:

)= Sah, | an| = e, (1)
k=0

Eecau cywecmeyiom koncmarnmer G > g > 2 maxrue, umo 04 6cex docrmamouro
Goavwuxr yeanx k 6ydem

g-o (k) <o+ 1)<G-ok), (2)

wem s — 1 moppan pasumx wymwo. [leficTeuTesnno, npade CHOTEMO § ONF
PONEKX YpaBEeHNE

Zm.\-‘--mﬂl B=0LI4+1,....04+s—1 (I=0),
L=

i‘lm,v*l +0 Oget<s—1)
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Iloxamenm Temeps, wro

Ay (8) = e (sy L0, i H O G Ay ),
rge efs) = % Em\,\-' m ¢ He 3aBECHT oT K.

Mycte mpm ky =10, m ky=1i, (1"t <t,<t; + ) nDonyuamwrea pea
COCEAHAE, OTAMTHHX OT HYAA HIeHA CYMMLI
S(3m
Ryl et

Ofoagaanm weped N MOOVIE OTHOUIEHNA ITHX "WIEHDBD

l\z m, -t |(k R ay L,

- \'I:& ) Kagla y
I\E ety

Omesngao,
N <oy (5) st (B 4 £y + 5)F e—lolhbtl—utib i) o

g (5) st (k + £y)Pe— 0Ntk < e, (s) st (k + ty)e—=2" (o, >0).

Orcopa crepyer, wro npm gocrarouso Gomemonm & Gynmer &N < % n ma (3)

Oy I
1 % L 1
An(s) — 5 (E ““'"'4) _{T!'}“‘ Aper [ L2 () B gy |
vt
MT0 B QOKaskiBEaeT Vroepaimenmwe (4).
OGosnagmm
| Ap () | = e—etiar
Ha (4) caemyer:
=k 4+ —Ink+1)-- (k8 —1In|ec(s) | +o(l)=
=al(k-+ ) + C(Ink).
Ho ¢ me sasmcar or &, caemoBaTelsHo,
ik 4+ 1) =k 4+t 41) 4+ O(lnk)
®, B cpay (2), mOTyumM, WI0 CYMECTEYIT KoHCTAETHM G, g, 2, pman
Hm})]ﬂx up“ BCEX NOCTATONHO (0 ILITIX lg BHITOIHACTCH T[cpaﬂef!(‘,'m
ooy () < ooy (k- 1) < Gyony (R).
Hs svoro mepapencrsa sajino, wro @yHEOLTA
Folz) = 3 Anls) =
T )

CAMA YAOBACTEOPAST YCoNORNAM Teopemut 1, weM JOKAIATEILCTEO BIOIHE
papHOoMepmoll pacupejenennocT  YRKINE f(z) CBORRTCA K 0KAZATENLCTRY




B pamMkax nccienoBaHugd
BOMPOCOB pacrnpeneneHns
OpobHbIX nonen H.M. KopoboBbIM:

661710 BBeeHO NMOoHsATHUEe BMoJIHe
paBHOMepPHOro pacnpeneseHus

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced

220 H. M. HOFPOEBOB

e pasmomepnoll pacnpegesennoctd. (JeficTENTennno, ecianm BoAKAA VUK,
VAOBRTETROPAKMIAA YCAOBEAM TeopeMmsr 1, pADHOMODHO —pacOpefescma, To
paEROMEpHO pacupemedena Qyarnma F;(T) B, COrIacHe ONPEEIICHIND BIIOJIHE
PAEHOMEPHONG pacHpemesens, fynrnaua f{z) pacopegeJcHa DOKIHe PaRmO-
MepHO, )

b) Beepes $ymwmun g (), onpegenus e gua k<< k41, k=12 ...,

paBeRCTEOM
' o (K w (k41 w (&
(=) = : ] "(_L'A,-'!!' E_r h-:](.a: ).

Omesnamo, §(x) ofaamaer caegyOMEMA CEORCTHAMIT

- onmpefieneda pam peeX © =1 M Opm nenwEX ==k coDDagaeT o

« HENpepEIBIA;
. MOHOTOHHOD BOIPECTAST, TAK KAK
o (k4 1) @ (k) [ ! N 0
Tk - —x o) (57 T) >0
. HIIH BCEX QOCTATOMHO OONBIIIE & BEITOIHACTCA nepasaacTED
gz <z +1)<<Gl(x) (g2>2).
IefteTBnTensno, OPODEPHM, HATpUMEep, JASBYI0 9acTh ITOr0 HEPABEHCTHA.
Mpa k<z-<_k-+1 Oyner
w (k4 1) w (k4
¥ +\ T

U0 el 2 )
<u.(A:}'-(k---i}' w (& + 1) {k + 2)
e 2<g,<< g | K QocTaTouHo GOmLmos.
Iyers ¢(z) — @ymunpa, obparsaa § (x). Cymecrsopamme ee ofecneseno
yeaomsmama (*); nz (¥) caeayer Tamse, 910

PiE) > engr  (e2>0)

B, SHAMAT, NAA NOCTATONHO GOamnNx x
T .
¢{z)<8:lnx, roe E <3< Tmz- ()
OpmctynuM K [JOKaSaTeALCTRY PABHOMEDHOCTH  pacnpejencina  fynk-
mam  § (z). Coraacmo wpwrepmwo  Beitan (1), nocrarouno ySemurica o BEH-
NONHERNN NpPeJelbHOre pasesEcTE

P
. e
lim = 2 gfmim ek = (),

Peiecn
==

Oboanaqm .
S=Semmm,  p= ol 2-neY] +1,
2 [+ Gz me)]

_ 3 =) p_qpy, Lo o)

="
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Ouepano, opun P —oo Gyaer n—oo, npayeM, s euny (5), Gymer
n<_dlnlnP<"21nln .
Janee,
20—y my<y (e(2 In P)+1)<Gy (o (55 mP)) =127,
C ppyrolt croponn,

w {re) 1 1 In P
T (""‘ ('ia'f.' Ig p:’) = "5z -
C.‘IUJE?BETE.‘I LHC, W3 OOpeneNernan E oo yaaen
3 3 E
G i<, P=[F]lecc opn P> oa.

Haxouen,
e n) 2 n
T=fmr T+ o(l) = R+ o(1).
Han onenxn | S| pasofses mnrepean CYMMUPOBAHNA, TOJIOKAR

P=7-Pi+r, Or<pr,

Py T—1 P, r
18] = 2 gdmimlx) 4 E ch:zim_r(w.-;-zj + Eet:im;crp,.;_x; 1
=1

veml Zeal o]
P
5 2p L —— N almim v P x|
15 |<2P, +(F 13021“?(::T|:2_|I£ mfielcta |, (9

|l}'c‘1‘l- MAKCAMYM OpaBoil =acTH JOCTHIAETCH op|E vo= v, Hpeoﬁpﬁ::weu

flwPy+2)=f(Py+ =), P<<P,<P:

P+ x) = 2‘, ay [z + Py)* 4 ﬁ ax (% + Pk
B (p

]

OGoamaumy wepea A (x) cysuy

=
Riz) = 3 ayp, (@t ol tn®
LE ]
Toraa
FiPe+ x) = Q(x) + A (z),
rae { (x) — noampoM CTENEHH 5 OTHOCHTENRHO I CO CTAPINM KOS HHIITIEETOM

o= iy, 10
5 n (10)
Ounenuy  cymmy E enim f{ P,
o |

Py P P,

| 2 eTnin Py léi 2! E-z.—.u.nomi oy | 2 etrim i Pebx) . a2mim Qi | <
i i
=l =i 2w { g

B, Py
_g' 2} plrim Ofx)| 1 E |1’:2H‘.mn = 1|

F—
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6b1s10 BBed4eHO NoHsATue BIIOJIHe

|etmim B2} 4 | = 2 |sinnmB (x) | < 2xm | R ()],

P, P,
| E E2mimf (Putex) |"?“;isl | 4 2mem z | £ (=) ],

E=T o=

P,
Sy= Seteimatm,

=]

paBHOMepHorO pa Cnpen eﬂeH"ﬂ Tenept neparencrso (9) Momme sanmeats B DI

}i ;5‘!,%"!_:.1 721- 18,1 + 2::;,;21?}::;-“!1( ()] (11)

Tpmsemmy K 5y onenxy, noaytennyo aaa cyms Befina K. K. Mappsa-
samemam 1 B. M. Cerazom (%):
Ecam

P,
8 = E gl Qe P, >3,
sl
roe
Q(z)=ozm + ozl fevatty, n>=d,
TO AR & = —
q
CcOpaBeqamED:

T T e ! 3y L
15, T < 8P e .i (mA + _,i‘ ( Ly

In the context of Korobov’s Gl

Ha ompepenenna +, 8 coay (10), momyums

research into fractional distribution S L

R Rt B

. TAG @ Bm g —menue, g=0, (ag) =1, |A| <A1,

I oy T, B B
Jee] = 7 l{’”,_.. rae | &) 7

the conception of quite even

g=[Pil, A=1.

distribution was introduced s

1

.4
P —1 =y g . —my 3 AT

S| <8 AP (20 In P (m PNy @PTT - PP Y
Ho, & cmay (6), mpm poctarounmo Goanmnx £
5 10 P, Y

(2n®*1n £y) 3.2l e M P2
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RIA BCAKOr0 MocTOAEEOrS £ >0
(m 4 PT7Y) (P77 + PIT") = 2mPT™ 4 mPI™" 4 2P7" + PUT < 3P7
(Tﬂ.i{ wag, m cmay (8), == :;' n -4 o(l}),
Teneps pua &; DoxyamM
= | ir:."l e
18y 1< (24" 4.2,
H OROHYATENHHO OpO JOCTATOMHO SoaLmmx e
1
- - A= o
[ 81| Py
Mepeftpen % onenre | A (z)] opn 1 <z Py

| & =) | = E" e () (ghbn c:‘+nr*'*'"—‘1’= e =§;#“P’é}-
Ho "
ZhEn ool | ahbn—iD, ook ._IxﬂP; < (K - m)* (P"‘"'Ln + p:--i..-, —1p2 iy
oo PRPY) << (R 8)* (R 1) PP PE < (k + )T} PN,
TR waw Py P, < P,
Taxasm o5pasoM, MOAYIa0A

| R (@) <<PT F) e Mk 4 om)H Dk, (14)
o

Ofosnagmy wepea /N, OTROmMCHME COCEMNNMX WISHOE CYMMu B mpapoil
sacTe (14):

N, <P (1 E.é.r:}"'“ e e
<3P (k+n—+ Q)e-lo-Deihin) o~ 3Pk + 5 4 1) a—s2Mu (my <
< BPnke—s R et} (noctommmam ey =0,
Moasaysce onpepesenwes £ & pepascuctoonm (7), Womywmsm
w{n) = cnln P lie‘:2 = —,—,-LT:] .
Tawasm odpasos,
Ny << A2ke—eth. pl=odm g 1y p 1
opn pocrarcuno GoasmosM non apGom & >1. Ho rorga na (14) cneayer
| RA(2) | <2287 (1 4 1) P M,
TNloarayace onpencienmem wenmunu 7, Py, n n £, momywmm
| R (x) | < 2P (2 1n 1n P)? provt o priti-an (15)

Temeps ouemra ocmosmolt cymms (11), » cmay onemox (13) m (15) nan
|5y ) @ [R{z)|. enpasepmmenx npm AcctaTtouno Gomummos P, mpaser eEm:
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H. M. KOPOEOB

L1812~ 4 P | Bnppm (RN,
Ho wmz (7) = (8) caenyer
g~ g 4 1,4 =t
1—,/—_&-, 2tf —nE —1 = 5 nE— +of :'”56 .
Haronen,
£ din P 3 L5 0n 2
P g igemTmME _ TG Lk
n, noakaysck (D), DoayumMm
gz =1
lim | 5| =10
Ppan ¥ *
qeM JIOKA3GH0 PABHOMEDHOS §, ¥ CHAY a), BIOAHE PARHOMEpPHOS pacHpenene-
nue apobEmx goneli @ymenmm f(x).

Bamewanme. Pocrm gynsguid f(z), peccumompeniur ¢ meopese 1,
YOGENCTIEO PREnt CACTYIO UM} OGN

f(x) = o(zhlnlux) dasn  ecarozo hy > ﬁ ¥ (16)
() = €2 (i 10 lnx) dag seaKozn hy < -1-]-"—5 % (17)

Hetierentensno, ofosnanay wepes Ny OTHOMENEE COCEMHNX WASHOR PAAA

-
E ayxk,
[

Ouepamno,
| V3| =€ (o (Rgt)—eo ()—In x) — g—(de (hp—1o=)

Ipa pocratoumo Goavmom &
Ata (k) = o (k + 2) — 2o (F + 1) + o(E) > o (k) >0
Aco (k) > @ (k) —>o0 npm k=00,
Takmm obpasos, Aw (k) — Monorosne vospactalomas gymmmes k.
Oupepenss Fy B3 yCeaosma
Ao (k) < Inzx < Aw (Fy + 1)
Torga npR aocTatouno Gonnmom T s k >k -+ 2 Gymer

3 . $ - — At (1)~ 1
I‘,\I-’.l‘gc—(aw{.’.l-}_.--lu;\]{e—(ﬁla(h_?] e (R0} Ao (Mt Y 5 -
Orcwoga coepyer, o
Ryl
@< Fe=tzt +
=

+ 3 eetnzig (ky +2) max (e~ k) 4 oo tat2ghst?,
Nk 2 Chahy il
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Ilz (18) moayurM Temepn
Inz > wik) >ceh (e, >0,
iy »:_:.-‘-f—:‘. (In Inz —Ineg)

0, CIACHOBATENLNO,
1

In tn 242
| F ) | << Gy + 2yt it < ogx'® 0

uem gorazano yreepaaenme (16).

Han pokazaveasctea yreepsaenna (17) pocrartomuo moraszars, u9T0 Oy Oie-
CTEYET MOCAeOnaTeILHOCTE &, —» o0 NpH v—> 00 TaKafd, 4T0 A71A BCeX HOCTE-
TOWHO GOIBIINX w Gymer

1

IR

(BeamunEn @, MoryT He GRTh HeasMn; v — neane),
Briepen

Inln x,44 (1)

Ty
Jorma aan &> v upm ov— oo Syaer
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— woopaRRaT Samsalimelt ® RAWANy KoOpMEAT BepmWHE kKXGnka. Oueenano,
NpE 5TOM ¥ TPAMET KaMAoE WE neamx spavenmit or 0 go ¢f — 1, mpEwes
sammes (12) Gyfer sanncs wWHeEa ¥ [0 CHCTEMS CTNCISHHA ¢ OCHOBAHHEM g.
H3a pasmoMepiocTst pacipefesesns chotemsl fyurmmit ¢ (z+1), o (£4+2)
q;{;g' 4 &) CIOBAyeT, 9T0 WA T = 1, 2, e v ey PP amcoo Ny OAHOBPOMEHHOTD BRI~
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(paBHOe WHCAY To9eK (¥, Za, ..., %) = {glr+ ()}, vonasmmx B HYGAK
© HOMEDPOM V) YAOBJIETEOPRAOT COOTHOINGTRI
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L3

R 1

—d
a A=t 18, ] € e 0,
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?QEG?”}{ p e =& (W) g*=t oo B (V)
CORMAIAET © WACJIOM BRHOOIHEHRI paBeHCTE {14) », cnopomaTeILED, COBMAIEET O
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FTEEpH{ISAWIO JeMMEl, PYHEUNA af DABHOMEPHO PRCITPEIeIema.

§ 3. Teopema 4 paeT apaanTEMeCHOS POHCNHD BOMPOCAE O MOCTPOREEN
WHCEN e, A KOTOpMX (JyHKIWA eg® pacnpenesema  pasnomepno.  Japgwm
BABMERTAPHOR PEIIEHNE TOTO #ie BONPOCA.
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CHHCTEHIWA € OCHOBAHREM § 2= 2,
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lenae wmcaa 5y, DpEHALASKAmMNS RHTEPELIY OB, <q—1, Oypem
HAAKIDATE FHARIME.
Cucmemoii py (7) vasopem cucremy ws [ IMAKOB

ByBy- - -Bupte - -Buane e B (E=4g"+n—1), (17

ofnagaonIy i Tes cooficTROM, TT0 KAMIoe i3 pazsromennii (16) connagset ¢ wexo-
Topoit rpymoi Spyy - - Shgn 00 NONPAN HAYHHX JHAKOR (k=0,1,...,g"— 1)
Tasciu 0GpazoM, Bee " R-BHAYIEX THCRN Supte « Bugn (k= 0,14,...,¢"—1),
nosyuaommxen wa (17), gommEn GHTL PaAITTHEL.
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11100010114,
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Bosnikaer BODpOC: ANA BCAKHX JOE A M ¢ CYMECTHYIOT CHCTEMM oy (7) 1 Kak
erponTh Takme cuerems? Tlomamewsm, wro pna amfux fmeamx n=1n g=2
caepy0mn MeTon (MeTol A) NPMEOINT 1 MOCTPORHNID HERKOTOPOL CHOTEME £r (g)-

Meton A. Bufupaes nepsste n anaros 8y, . .8, poehani  — 1. Bunu-
CMEANILE  OCMAABNMET INAKOE, HANUNAR € N - 1-20, npoussedus no caedyiouemy
ofiwesy npasuay: % Yoce amnucannsyn k--n— 1 anaxas

Bylae.s Brgteor S (K2 1) {A)

RPURKEHEGEN CNPAsE FHAK Skt MAK, WROGH HOAYVEIUEeCH NLTE JMoM 1-IMEUHOS
WIEAD Byite.r Shin—18nen fompeudiocs @ cmpoke (A) enepeme B Guao
pauAMeMbtia e He ecmpesasunres € (A) wicen ouda [P T
8 —0,1,..., g—1). Cmpory (A) cenmacs sgrouuennod, ROSOR 11 P RICW GRS
ANOGOR0 ANGKG R PUSGIUT K YHCe ECTRPENASMEMYCR -dHANHOAY NiCAY .

[yeTs npunackBaHEe SaKOATII0CE npn &k = =

818200 BBegr-nn Brpnot (18)

Ouenygmo, cucrema (18) we couemERT OAUHAROBMX A-3HATHBIX SHCED
¥ HAAO0 AN H0KasaTk, ST0 B Heil aeTpernTea nooe NI A-SRANHEY THCeT {16},
Mowasmes npowge seero, wro B (18) serperarea mofoe umeAo Bua

BiBiBar e Bnma (By=04,..., g—1).

(Coraacuo wmetoxy A, sgech 8§; =8, = - =8y =g~ 1.) [MeiicTerrensuo,
B (18) merpewaerea mioGoe WHCIO0 DEA

T e TR




B pamMkax nccienoBaHugd
BOMPOCOB pacrnpeneneHns
OpobHbIX nonen H.M. KopoboBbIM:

661710 BBeeHO NMOoHsATHUEe BMoJIHe
paBHOMepPHOro pacnpeneseHus

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced

256 H. M. KOPOBOB

(BHAYME Dponece BHOHCHBANEA He Gm npespamen).  Clenosarensno,
n — l-apaunoe TUCA0 Segp ... 1 BeTpesaerea B crpore (18) ¢ + 1 pas. Mpu
HTOM ]{ﬂ}{{,-’ll.{‘! IH_‘:] caesa K I“’M} JOATHEL ﬂp:l!.\dl.llmTh pasiimunkie GHAKKW, 970
BOTMOMRHO, INIIL SCAM O Pas HT0 YNcI0 BCTPEYASTCA B mawgae cneremn (18),
T. &, coBOajaeT o
7T PN I
Hrax, 8 (18) perpeuapTes M0G0e MCA0 BAEA

BafegiBagre s B = B8 L Bnens {19y

Npumenes mugysnmio, Jdonyerss, wro = (18) scrpedaerca mofoe wweno miga
BuBr—t oo e B18i85e e Byt Baie

Hz smeropa A (rak uni S,y 1) caepyer, wro b (18) perpeuasten Tanmwe
.'JIUI"N'-P HECJ0 BRLH

BaiooByBrei Bnmnctfart  (Bats 5. MRS 1}).
Ho wmorgn wasmoe n l-anaunoe wMcao
By o BBy B (20)

serpevaerca n (18) ¢ pas. Ecan mpn avom
I v B,
10 (Tar was sucao (20) we momer croaTe B nanaze crpown (18)) & (18) verpe-
THTCH AKNOGC 4HCA0 BIfa
[P PR . S e (21)

Eeam By...f;= 8 ... 8, 70 pce umcaa puaa (21) nompessuemy BeTpe-
THTCH, THK KK B HTOM (IY92¢ OHV CORMAJIEWT C 4HCIaME (19},

Tarum ofpazod, B crpoxe (18} perpesserca  mofoe A-30auHOE  ORCI0
BBt - .. By W, CAEMOBATEALHO, TR CTPOKA CORDANAET ¢ HENOTOPOMd cHcTe-
Mot gy ().

]'lpuue:lim TEOSPL CHCTEME gq (g) W DOCTPOSHMID MHCEN &, OIA KOTOPHIX
oy

I (&) = ag¥®
OyfeT pannoMepo pacnpefedcna.
Ofoanaumy gepes p:_.[r,) CHCTEMB, IOJYSal0Uecn 03 gy, (4) OTOpackBamwes
1 mocaemppix SnaKoE.

Iyere, maace, oip) >0 TPOMABOILT A Lneaouncaenyan LTI

FAORIETHOMIOILAR Y CAOEII0
lim g {w) = oa. (22)
[reay

Unpt‘;e.’nur @ DeCHEOHEYHOH ,-'ume’u.ro, sanMcanHofl B CcHoTEME CHWCAEHRA

C GeHOBAHHEM g0

a=0,pidg) .- (g) pelgd-..p2le) - pu(g)-

CRA i)

fu ) s (@)oo (23)

(wamiamit anak mamporo g, (g){p = 1,2 ...) D§DpoEnMaeTen 300k Kak oMe-
pennoit sHaK pasanEeRNA o).
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B pamMkax nccienoBaHugd
BOMPOCOB pacrnpeneseHuns e —
Lpo6HbIX foneit H.M. KopoboBbIM: | ... " =

— — PEchpedeAcnd BQSNQMERMd, _ _ _ __ _ _
NowasaTeasctro, Ilycrn z mpoSerner anawcnna 1, I A | I =
camraes umean N, Apobrmx posedt (ywusmm 4%, TOMAmamIE Ha WrTepeaET

6bi1s10 BB e, seay e
efdeHo MNoOHsATHUe BINoJIHe (3 ) @<v<eon.
rie s> 1 — nposssonLEOE HRAKCHDOBAIHOE WEIADE YHCIO,
pa BHoMepHorO a Cn e eneH Ha yrasanuslil nny repBan TONAAYT, OTeRIIHO, TC I TOXLKO Te ApODHLIG SO
n "ﬂ {xg=}, OepeHEe § FHAKOB KOTOPEIX  COBMBIAKNT © $-3HaYHEIM  pPaiosHennes
amena v M0 CHCTEMEe cumMcieHnE ¢ ochosanmen g. Jlas momewera [V, BOCIOML-
i ¢ Jag*l B GecHONEUHYH  g-HUHYH Apodn  mouTy-

a=0,01(q) ---p1(9) p2(g) -+ p2(q) -+ -pu (@) --Pu () puts (). (23)
P “] q,:(":-} a:b}
TEOPEMA 5. [as atofozo yeaozo q>>2 U 4106020 o, ONpedeseHno20

coznacro (23), @dynkyus

In ‘ pacnpedesena pagromepHo.

research into fractional distripution .. -

A=gls)+ gl + 1)+ - + g o (k) 4 rgt s+t 4 (O (5).

the conception of quite even T a0y k) 40w,

1

distribution was introduced ST e

Ha onpepemenits &y enegyer

P> 8> p (k) g~

Orciopa npn P — oo moaysuns
e Ly
P alk) E




B pamMkax nccienoBaHugd

BOMPOCOB pacrnpenesneHns
OpobHbIX nonen H.M. KopoboBbIM:

661710 BBeeHO NMOoHsATHUEe BMoJIHe
paBHOMepPHOro pacnpeneseHus

In the context of Korobov’s
research into fractional distribution

the conception of quite even
distribution was introduced

238 H. M. KOPOEOB

Tarum ofpazom,

Ny= —'l—PTu[P}
L

u, mo aevme (§ 2), dyHkmafs «g® paBRoMepHO pacopegiieni.

Toerynmao
25 11. 1949

JHTEPATYPA
¥ Uber die Gleichverteilung von Zahlen mod. Eins, Math, Aon., 77 (1918),
S5 —35L,

Buworpagoes M, M. O apebuuax wacrax mesoro ssorounedn, Hae. A Hayx
COCP, . 20, A 9 (1926), S85—600,

Bonorpanos M, M, AmaanTaseckos AOKI3ATEILCTHO TEOPOMA O pacopefnencaii
Apoiuux wcreidl nesore mmorodsems, Mae Aw. Hayw CCCP, v 21 N T—8 (1927),
BT —578,

Tl puasieHeH HE ROHSTHMX TPIrOHOMET RN SECHIT
HMX A0aed Heloro MEsro. a, Tpymm o
savesmarnemE, T. 4 (1933), 5—8

Howkii Merog 8 aranaTaseckoi Toopun aucem, Tpym Matemarion, oi-ta aw, B, AL Crek-
snonn, . 10, ror. 8 (1957), 102—105.
MeTox  TPMrOmOMET I HE
wa, B A, Creraosa, T raasu 8w 11 {1947),

Van der GCorput kL G. Diopbantische Ungleichungan, Acta
BTE—456,

Mapawassmmuonan H. I o#n Ceraa B. H,
Hoxname Ax. Hayx CCCP, 26, N 8 (1940), TI0—T42

Banorpamons M, M, Ofmue reopess of ONeNKaX TPUroHOMETREUECHEX CYMM.
Mowaagu Ax, Haye CCCP, 43, N 2 (1944), 51352

sy MM I BONPOCY O PACTIpeIeNemnm Kpod-
sunr, nE-ra ms. B, A, Cremnoms, orta.

s B Teopnn uncen, Tpymw MavemaTnd.  wn-Ta
=78 107—108.
Math., a6 (1931),

0F ompmoit omemme cyss Bodma,
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O6b1s1N MOCTPOEHbI NnpuMepbi
BIT1OJIHe paBHOMepHo Jacenamne 13 mapra 1951 r. o

.. M. Teasdaua n B. M. Jlesnran «Onpepermenme ypasnenis mo

Teopewma 1. IIyemb 3 (z)— npouseonsHas enoane pasnomepHo pacnpedeséHnas Gyre-
yua, dan komo poii cucmema yrryuii ¢ (x + 1), ..., ¢ (x + ) coxpansem ceolicmeo pasnome pHo2o
pacnpedesenus npu Aw6oil AuHeiHol damene nepemennoi z=>~Ly (h==0). Onpedeaum seau-
WUHBL Oy PABCHCMEAMU

Z [Q‘J {2 Uui—}— ‘J:}?] (qv}_? 2—menwe; v=1, 2, ..., n).

.V

Tozda gynryusa F{z):a]qi + ... L apgy 6ydem pacnpedeacra pasrosepHo.

I ‘IIDLI IU‘ILIUII [ L T poc Te PIELA T et TSt x DOCTIRNTE gy s =+« 0 DOCHGITOWIO
See LT AT My, Wy ... Opoliue doau giywsyun af (z) a® peenpedesery pas-

Moaeep

B Teropeme 3 coparpEATON MOTON TIOS pestHRmE @, A48 KOTOpWX  (ivisndm
a3 = 1= uncno  [Inaoc) pacnpefeness po

the instances of quite evenly TR e
distributed functions were

st gatiies n— 1 nocacdNuE TGN, 1 npe awbos swdope cucmes G (g) cnpasedauea

BUpENET

constructed |5 et | <o
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OpobHbIX nonen H.M. KopoboBbIM:

O6b1s1N MOCTPOEHbI NnpuMepbi
BIT1OJIHe paBHOMepHo Jacenamne 13 mapra 1951 r. o

.. M. Teasdaua n B. M. Jlesnran «Onpepermenme ypasnenis mo
&

Teopema 2. ITyemb a > 2—yeaoe u f(z)—noaurosm cmenenu n> 1 ¢ yeansmu roagh-
Ppuyuenmamu. Onpedeaum o pageHcmeosm

1

k

o=

& n
k=1 9% @

To20a das ecaroil soapacmaloweil nociedosamesbHOCMU NPOCMBIE §y, qa, ... U JOCMAMOUNO
GblCMPO pacmywuz Yeasle ny, N, ... Opobusie doau Pywryuu af (z) a* pacnpedeacrst pas-
HoME PHO.

Tinao) pac

the instances of quite evenly bR S e i B

et ganies n— 1 nocasdiuE g npe awmbos swdope cucmes G (q) cnpasedauea

BUpENET

constructed |5 et | <o
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B MOCEOBCKOM MATEMATHYECKOM OBIIECTBE

BOMPOCOB pacnpeneneHus —_— e
npobHbix gonen H.M. KopoboBbiM:

611N NOCTPOEHbI NpUMepbI

SACEMAHNA MOCKOBCROI'0 MATEMATHYECKOI'O
OBHIECTBA

Jacepanne {3 mapra 1951 r.

Teopema 4. ITycms a zadano pasnodcenuem 6 q-uumyi Jdpobv (g > 2—yeaoe):

r r ] r L # r
CC—U’ P!...?ln P ?2 A ?n .o E-lq P“"’l N ]

q gE gﬂ

pac

2de ' —epynnil JHAK08, NOAYUAIOUWUECH U3 HOPMAALHLLL Ne puoduueckux cucmem on (q) ombpa-
corgariues n—1 nocaednux snaros. Tozda npu awbom ewbope cucmem §n(q) cnpaeedausa
oYeHra

p
In 1 B it l <(r+Dg VP
resear il
the instances of quite evenly
distributed functions were
constructed
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6b11M yCTaHOBJI€HbI CBA3H AZ 150 MAGYAR MAZEMATTEAL KONGRESSZIS

KOZLEMENYET

M e)’(ﬂy BI1OJIHe pa BHOMepr’M COOBILEHHsI MEPBOTO KOHIPECCA BEHTEPCKNX
pa C"p en e”eH"eM " COMPTES RENDUS DU PREB;{E;SG%%T:SCRES DES MATHEMATICIENS
CBOUCTBaMM 4YUCeJl,

HopMaJibHbIX Mo bopesnio

KULONLEN YOMAT OTAEJBHBIH OTTHCH SEPARATUM

H. M. KOPOBOB
0B 04HOM BOIMPOCE AMOMPAHTOBLIX HEPABEHCTB

In the context of Korobov’s
research into fractional distribution

quite even distribution is allied
to characteristics of borel
normal numbers
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6b1IN yCTaHOBJI€HbI CBA3M

Me>XAay BrnoJiHe paBHOMepPHbIM
pacnpenesieHUeM n
CBOUCTBaMM 4YUCeJl,
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research into fractional distribution

quite even distribution is allied
to characteristics of borel
normal numbers

OB OOHOM BOIPOCE JHOPAHTOBbLIX HEPABEHCTB
H. M. KOPOEOB (Mockua)*

JHodaHToBEl HEPABEHCTEA NOCTOAHHO NPHENEKAKT BHHMAHHE YYEHLIX,
saHUMAaKIMXcA TeopHell upcen. B uacTHOCTH, no BONpOCY © pacnpefeneHHn
apobHex noneif, KoTopoMy TOCESLLEN BTOT A0KAaN, 34 nocnegaue 30 ner Brumuen
pan pabor H. M. Bunopepadosa, A. O, Feasgonda, A, H. Xuwnawa, Belias,
Xapou w Jlummaseyda, sar-dep-Kopnyma W IpYrix.

51 coobuy o MOCTAHOBKE BOMPOCA M 0 HEKOTODEIX MOMYYEHHWX MHOK
peaynbTaTax.

Myers f(x) peficTenrensHas HYHKUHA, ONpejeneHHas Ana uenex x = L.
Oboanauum vepes [f(x)] nanBoneiuee uenoe, He npesocxonames f(x) u uepes
{f(x)} npobuvio nomo f(x) .Tawum ofpasom Gviier

[f(&] =f0) <[f@)] + 1 0= {f&)} <1 f(x) =[] + {f)}

DyHKUEA f(x) HasuBaETCA PABHOMEPHO DACIIPE/IEJIEHHOH, €C/H ANA Kamgloro
uHTepeana (a, f) c (O mpx =1, 2,..., Puncno N seinondennil Hepasencrea

a<{fE}<p
YAOBJIETRODAET COOTHOWEHHD
N—=y-P+ofP),
LY

rae y = f—a—anuHa warepsana (o, §). Takum ofpasom 45s PaBHOMEDPHO pac-
MpeAeneHH X GYHKINA oTHOWeHHe uHcna nonajaHAid  ApobHLIX Aoned wa
sanasHLii HETePBa K oGUIeMY YHCTY PACCMATPHBAEMLIX APoGHLIX monei acumm-
TOTHYECKH PapHO [UIHHE BWOPaHHOrO HHTEpBANA.

Bedas npuuaane:xnar ananutiueckoe M. M. Buwnozpadosy — 4HCTO
apudmeTHYecKoe NOKAZATENLCTEO DABHOMEPHOCTH PACTPEIE/IeHHA MOMHHOMOB
moGoll crenenn, UmeWNX XoTA Obl OIMH HppauMoHanbHL KoadduupenT (He
cunTan ceobojHOr0 Yiena),

* Nokran wHraisedt 30-oro agryera 1950 r

17
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6b11M yCTaHOBJI€HbI CBA3H

Me>XAay BrnoJIHe paBHOMEepPHbIM

H. M. Kopofion

3HaunTeNGHLH MHTEPEC M, BMECTE C TEM, SHAUNTE/ILHLE TPYAHOCTH Npeji-
CTABMAIT HCCTIEA0BAHHE NPOGHLIX aoned QvHKUMHA, pacTyux cropee, vem JoGoi
NOJHHOM H, B YACTHOCTH, NoKasaTensae dyHrupi. Tak, necMoTps Ha TO, YTO
wiice 20 ner nasan ObAA AOKASAHA PABHOMEPHOCTL PACHPEIENEHHA NMOKAZATEb-
HBIX yHRIMA o mouTH A BeeX « = 1, [0 CHX NOP HE H3BECTHO HH OAHOrO
ayaueHdsl @, NpH KOTOpoM (GVHKUNA of Geita Gul PABHOMEPHO PACTIPEIEnEHa.
Bosee Toro, Todbko B camoe nocnemiee mpemsi A, 0. leangiondom  Obing
Va3 CIYUaR BCoNY NAOTHONO pacnpefenesns Apobuasix poned nokasatens-

3y
Hux dwiunll ; npo Takvio dYEKUHID KaK ‘_, ] HE HABECTHO Jaxce, BYIvT M ee

APODHBIE O PACIPE/IETIeHbl BCHAY MA0THO,

EIVIILTATOR

TEOPEMA 1. Ecau 0aa Aw0bIX YeablxX ity , ..., Mg, HE PAGHLIX O0HO- frocu

pHAMEHHA

spemerto Hymo aobas auretinas komburayus my g(x 4+ 1) 4. .. 4 mp(x + ), [roveen
cOCMaeAeHHas 0Aa Hexomopold PyHkyul ¢(x), npedcmasadern coboii  pasHo- i

oo
MEDHO pacnpedefeHHyro @yHKyuo, mo @yHKYua ag* npu ¢ = 2 [{(p(kl -ql
= N g

pacnpe OeseHd PAGHOMEPHO.

(x4 5),
boil  pasno-

Wiz -q]

Gavtueex &

quite even distribution is allied
to characteristics of borel
normal numbers

. N7 A T 3
H TIVeTh plx) 2 ay oF, rae |ag| - e o™, Tozda aumednan wombuManus
L 1]
myglx + 1)+ ...+ my, pfx - 8) pasnosmepHo  pacnpedeseHa npL AL Leasx
Mgy . ooy My HE PAEHBEYX O0HOBPEMEHHO 1Y A0,
Ha MPHBEACHHLIX TCOREM CHACAYET, HANPHMEP, UTO NIPH

) [}

}1 e ' f.'r.

ASHEITTON
“ AL pre ok
e ak ne (k) —

; F=0
APOGHLIE A0MH PYHKUHI a - 2¥ DACTPEeNeHbl PABHOMEPHO,

Hokazame awemeo meopesst 1, M3 pasHomepuocti pacnpeaesienust by Kims
mye(x + 1) 4 ... 4+ m (X - §) no KPETEPHI0 PABHOMEPHONO PACTIpENeNeHns,
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~ BHaunTenbHLI MHTEPEC ¥, BMECTE C TeM, SHAUNTEILHLE TPYAHOCTH Mpef-

O 6 H bl X On e VI H M KO O 6 O B bl M L] CTABMAIOT HeC/RIOBAHME APOGHEIX fonel dvHKUMA, pacTYILIX copee, uem fuoGok

ID| p lul C = p = NONHHOM W, B YACTHOCTH, TIOKAJATENLHEXK dyHicumi. Tak, HeCcMOTPA Ha To, uTo
vike 20 neT Hasan GhsA J0KAZAHA PABHOMEPHOCTL PACAPEALNCHIA MOKAZATE b

6 HBIX yHRIMA o mouTH A BeeX « = 1, [0 CHX NOP HE H3BECTHO HH OAHOrO
b’ ” " yC l a H OB” eH b’ CBH 3 " ayaueHdsl @, NpH KOTOpoM (GVHKUNA of Geita Gul PABHOMEPHO PACTIPEIEnEHa.
Bosee Toro, Todbko B camoe nocnemiee mpemsi A, 0. leangiondom  Obing

VKA3AHK! CAVUAR BCIONY IUI0THOTO pacnpefenenns ApobuuX nonell nokasatenb-

TEOPEMA 2. HNycms ¢yrrygns o(k) 0ast éceX docmamouro Oaviuux k
y008Aemsopsiern He pageHCmea. et

HEl pagHo-

Fravr m ee

pHAMEHHA

1_‘_:"_ m(k _;_:;Ir)_ _c::: E ; (r](k) '} Ifq: MOAYUeH kL

wy T2 " e
hof  pasHo-
mi‘?_(%?‘_";i

¢

U TIYCTh ¢(x) = E'ak x*, rpe |ag|-—e @®. To20a aunetnas wombuHayus
k=10 s Gavunix &

mye(x + 1) + ...+ mgp(x + 8) pasromepro pacnpedesera npu awbslx yeasix
My; ...y Mg HE PABHBIX 0OHOEPEMEHHO HY 0. -

quite even distribution is allied o o . T o e
to characteristics of borel o 3O e F

i~
PO

n orma, n um bers ApoGHLIE D00 PYHKIHN o - 2* pacTPefeneHsl PABHOMEPHO,

Hokazameascmeo meopeast 1. Ma pasHomepHocTi pacnpeefenus Gy HKIHu
mye(x + 1) 4 ... 4+ m (X - §) no KPETEPHI0 PABHOMEPHONO PACTIpENeNeHns,
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06 oaHoM uunpr AMoAHTORMX HepaRLtHCOTR

nomvueniowy Bellaem, chenyver, uto cucrema s dyvawuai p(x - 1), ¢(x + 2), .. .
. 3 p{x+4-5) pasHOMEDHO pacnpejeneHa B8 $-MEpHOM NPOCTPAHCTBE, T. € [UIA
x=1,2,...,P uHen0 TOULK (X3, Xoy v ooy Xy Xj = {\v(x . 1‘)}, MoNaAAnHX B
NPOMIBONIBHYH) MACTD  eMHUYHOrD §-MEPHOrO KyDa, ACHMNTOTHYECKH pPaBHO
v. P, rae v— ofbem VEasaHHOH uacTH Kvia.
Pazofpem pedpa einunuHoro Kyia Ha ¢ paBHuX vactell # COOTBETCTBEHHO

1
Bech KD Ha §° maneX KyOuKoB ¢ oDBemoM - - MMepesymepyes MOIYYeHHRIE
q

KYOHKH, cuMTas HoMepoM KyGHita yHein

) v = B0)E 4 LI 1+ 40),

T KoopinHaTtel Gnuxcaiel K Havamy KoopaMHaT

BeplaHE KyOuKa, OYeBHAHO, NIPH 9TOM ¥ TIPHMET KEMK/I0E H3 LENLX afauyeHil or
0 po ¢* — 1, mpuuem samick (1) GY1ET SaNHCLIO UHCTA ¥ NO CHCTEME CUMCIEHHA
€ OCHOBaHHEM (.
W3 paBHoMepHOCTH pacnipefenesis cuctembt yurunit ¢x + 1), (x + 2),
« s @{x - 8) cnepver, uto as x =1, 2, . .., P YN0 OIHOBPEMEHHONO BRIMOJI-
HEHHA HEPABEHCTE

L I R 1
q q

ﬂ(:
q

é(z}+l

2) <l plx + )} < (i=12,...,9

(pasHoe uHeay ToueK (X, Xap ..., X3 X = {olx 4 n)] NMONABMKY B KYOHK
¢ HOMEPOM 7}, VIIOBACTBOPACT COOTHOLIZHUIO

N, — L P4 op).
7

HepagereTsa (2) BRNOMHAKTCA O4CBHAHO AAA TEX, H TONBKO TEX x, A KOTOPhIX

3) 50 = e+ 0} -ql  G=12....9.

Ha onpeaenenns a ciaeliver, uto

[_lw{x EDlgl

fag*| 4 Hoz+9ld] | Z [fo(x +s H')}ﬂ
qs

Q‘c.-.

+ e+ 9)lgl |

(4) {uq‘} H?"‘(’ + 1)] 9] qs :-'




B paMKax nccrnenosaHus
BOMPOCOB pacrnpeneneHns
npobHbix nonen H.M. KopoboBbIM:

6b11M yCTaHOBJI€HbI CBA3H

Me>XAay BrnoJIHe paBHOMEepPHbIM

pacnpenesieHueM m
CBOUCTBaMM 4YUCeJl,
HopMaJibHbIX Mo bopesnio

In the context of Korobov’s
research into fractional distribution

quite even distribution is allied

to characteristics of borel
normal numbers

262 H. M. KepoBion

Ma cootnowenns (4) sumo, uto pns x = 1, 2., .+, P useno seinoHenui
HEPABEHCTEA
¥ T
— < {ag*} < - (r =& (P + ...+ 8, ()
7 q

COBMAJALT ¢ MHCIIOM BhinonHenuH pasedcrs (3) M, CIENOBATENLHO, PABHO
v L P+ o(P)
N, =—P + )
?S

Oreiona | PHOCTL  pacnp YHKIHH af* TOAYYaeTed Henocpel-
CTBEHHO.

JlokasaTenseTba TEopeMst 2 5 HE NMPHBOXY, TAK KaK 5TO noTpeGoano bl
CIHIIKOM MHOTO BpemerH. OTMeuy NHllb, YTO OHO OCHOBLIBAETCA HA TIPHMEHEHHR
nomvuennsx M. M. Bumozpadossis OUEHOK TPHMOHOMETPHUECKHX CYMM.

A DIOP HA‘\JTIKUS EGYENLOTLENSEGEK EGY
KERDESEROL

N. M. KOROBOVY (Moszkva)
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(Mpedemasseno axadesuros H. M. Bowoepadossa 5 11T 1852)
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PaBHOMEPHbLIM pacripenesieHNeEM U
Teopuen COBMeCTHO HOpMaJibHbIX
qyucern.

The conception of jointly
normal numbers was also
introduced by Nikolay Mikhailovich.
He consructed the instances of
such numbers and discovered the
correlation between quite even
distribution and jointly normal
numbers theory.
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H. M. BOPOBOB

HOPMAJBHBIE MEPHOANYECKAE CHCTEME] H WX OPHI0EHIA
I OINEHKE C¥MM JIPOBHBIX JOJIER

(IT pedemaoseno axadesucon . M. Burorpagossis)

I pafioTe MayuMacTed CTPYHTYPA HOPMOABMKY HEPRONMISCHAX CHOTOM,
TPREOAATER o0 M MeTo, HOIBOMI LT MOCTHIRITE BTV TaKy i cHeTeay,
W HAXOUATEA OnenEM AaA oyusm apefinax  goaci momisarensHod dymmmmm
r..;lx.
T'zara 1. Coerembr g (g)
INepeue gra maparpafa 970l rIaps CONEPFHAT ONPeAelcHHe, WPHMEPH
¥ BpoCTelmi METON NOCTPOCHEA HOPMATEHEX NUPIOANTECKAX CHCTEM po (g)
(seron ).
B § 3 mMoEazaBo, MTO He KANAAA N3 CYVUHECTBYKIHEX CHCTeM B () Mosmer
GmTh moaywona merogosm A,.
B uerseprom w mAvoM uaparpadax BRACHASTCNE CTPOEHME CHCTEM Py (§)
w paercH ofnuit seron (merog Ay), nosponARmpdl DOCTPORTE KAHGIYE HOP-
MAJEHYE HePUOLIITHeciyio cHCTeMy.
§ 1. Iyeve n w g — Neante aucia, npraes g 2= 2. CocTasum n-asagnue
PAXTOIRCIE TiceT {158 PSP gr— 1 B ewcTeMO CUNCITEHNA ¢ GCHOBANMEM §.

g —1l=g—1g—1. . . .q—1 g -
Paanoswessra (1) OypeM HazmMsath f-3HATMHEIMT SHCIaMIT.
Cyvmecrsyer BoceMb PRalMTHRIX TPeX3HAMHEX 9HCOI D CHOTEME CHHOTe-
HAA © cCHOBaHWeM 2@
000, 001, 010, 041, 100, 104, 110, 114, )y
PaccMoTpuM  NOCACAOBATEALAOCTE,  COCTOMILYIO M3 CHeIYHMIIX  JOcHTH
AU KOE;
1000101110,
COROKYOHOCTS TPEXIHATAKX “UCET, KOTOPLIS MOMIHO HONYHHTE W3 COCOI-
HMX 3Bakos Toil TOCIeoBATENEHOCTH,
100, 000, 001, 010, 101, 011, 111, 110,

2 Mepestan AN, copas MATEMATANECHAA, NN 1




H § 1. Ilycts n m g — meanie ymcia, mpmaem ¢ > 2. CocraBuM n-3HaYHEE
pasioskenns wncex 0,1,2,...,¢"—1 B cucreMe CIMCIIEHAA ¢ OCHOBAHHEM ¢.

neTast .
nepumo - . 0
MoMO
OLIEeHK
npooH

OYHKL

* L

Paziosxenna (1) OygeM Ha3HBATh N-3HAYHEIMU 9HCIIaMH.

N.

) Hopmanvnoti nepuoduueckoil cucmemon Wil cuemeMoll 9 (¢) HAZOBEM HO-
per. 10 crienoparensuocts 13 ¢ 3HaKOB |

Using t S, By e Sl s o Bipipe o Bt 4)

unimpr (t=g¢"+n—1; 3, — nelne U3 MHATCPBATA 03, <qg— 1), ofmagaomyio:
pr0b|er TeM CBOMCTBOM, WTO COBOKYIHOCTB /-3HAUHEIX YUCeI

units of Spttee-Suin  (k=0,1,...,¢"—1), ,

MONYYAIOITAXCA N3 COCENHUX 3HAKOB IIOCTeLOBATETBHOCTH (4), comamaer ¢
COBOKYITHOCTHIO BCEX BOBMOMKHEIX M-3HAYHHIX wmcel (1) B cucTeme CUMCIICHUA

¢ OCHOBAHNCM .
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OHEHKH CYMM JPOBIILIX JOJED

BYIOT cucremy pg (2), Guno nponesieno # (%), Snecs M TOAVHHM 3T0
ROFAZATSALCTHO WAM cAcacTEme w3 Oodce ofmero MOTOAA MOCTPOCIMNA CHETOM
pnlg)—umertomna Ay .

C momompeio merona A Ges TPYAN CYPOATCA COCTEMEr oy (2), P (2) m v, .
) = 111 110000010004 100101001 110001401114 ;

= H11110000001 00001 10001010001 110010

01011001101 001114010104 10141041411 ;
£z (2) = 111111100000004 000001 100004010000

1410004 004 000104 10004 1010004 111001
001100101 04004 04 1 1004 104 100 110400
1111104010110100 414041011101 141 11,

§ 2. Meton A, BuGepeat pepesie n snaxes & Sn  npowzaoLnD.
Frarw Bpgy, Sppa uom. 4, Gydes npunucusams no cactlifiouesny obwesy n pa-
FHAYS mifems yxwee eunucar k- —1 zvax

[ TR NI ST 6)

Paccsom pus n — 1-anavmoe vueto Bntd oo v Bham_y, CIRORUSE A BONge ko-
caedoeamentioem (G). Hyems noesedie B anaros gmoeo vieaa (0 < p<n—1)
off pasiern: raufioatcyme e pynny, coonafamuiyn & epynnol  mavassnsr
anaxod B, 8,...8.. Bubepes meneps grar Bhgn 00T WOGEM, OmANNNIM Om
Butt, MO mar, wmofis ROAYNTNOU[ECCR NG SMOM OG0 R-gHauNOs LLX ]
5’::-“ - o Ot Bagn W& cosnadasn wm oo [ TR Hamee esmnncannar e (6)
R-ZHAUNWT  Moea S,y ..8, tn {e=0.1,... %k — 1), wan  paswss 5 e
ECALE N pRRECKeANe  A0ficso SHAKE,  MAUNNOZO O ..y, npueodum x Yaee
scmpenacuemyces & (6) n-anavnomy wucay. I poyece N PUBRCHERNIR 18 ek P
wpaest, xogde P BRITRCR G AN G020 ARAKE R pEreadm K yoice '.'f'!.'.'p:"lc'ﬂﬂﬂ!.ﬂ_l(y-"x
A-FHANHOMY el .

!l}"'?b HERGEMOIIIOCTE Aannaeiimero TV T TIC KR B FINE S SHAHOR B IIOCT0m0-
paTensHoeTi (6) wactynuma npw & =1). Ouennpno, wro bce n-

HEE YHcia, HOTO R BCTHITATEN B mosTyunBnreiies WP aToM DOCTAeqOBATE IR~
HOCTH

[ YRR S SR (7)
ﬁ_\. nyT pa T . (JJUIJ]I\'{? OCTACTEH HOACHLEIM, HE MODJI0 J00 ORI ACEI B IS
HOEBLLX ZIHAKOR 38HOHEYHTLCN pauemre, ey B (7) Gyier mEmmMcano Kamaoe ng
C_\'illl!c_l[l}'kllllllx M-GHAYNLIX SHcel,

Tarum ofpazom, urofn pgorasars CORTIAfeRe NocTefonaTeasHocTn (7)),
TOCTROCHION MeTofom A, ¢ HekoTopoll ciwcremoff g, (g), RocTarouno TE[s0-
HOPRTE, "TO CPENN A-BPHAMHLEX THCEN

&,_-,..,H.,:_ﬂ {vw=10,1, ; {8)

CulepHiam CH B IOCIeMOBATENLMOLT ‘.:}_ ]H'.TF‘-E‘TIIT(‘]T Koo na YT
BYIOULNX n-3nawHex gwcen (1),

Ofoamanns nepea Bm By, B Bno¢ BOONTNME, Tadinam ma HOTOPRIX,
HEZZBWCHMO 07T OCTANBHLIX, MONET npwHAMATE Joboe  an o  aEaMenmnin
WA, ..., g — 1. lokamen COEPEA, WTO B NMOCH&I0BATEILEOCT (7) BETPETHTCR
mwoe wuciao BRga

Bt 8 8.0 8y y fe : . (9)
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HefictanTesHo, A — 1-3HAYHOS MHEMO Brjg « .« Orjn—l, HOTOPHM 3aKaH-
WMBAGTCH noc:m,-:,s}na'rc;u.kocrb'(?}, perpedaeTes B Hell © T00EM  3HAHOM
crpana (MEAYE NPONEce NPNIHCHEANL G Gua Ol mpexpamen), cIepoBa-
renEun, aTo umeiNo perpevaerca B (T) posmo g + 1 paa. Ilps svom wamcpali
pas K HOMY CUEBA JIOZUKEL HPUMBIKATL PABTUTHEE AHAKW, 90 BORMOMHO
JIE T TOM CAYUAe, CCJIM OfME Pe3 DTO MMCED BUTPOTHICA B HAYAAE TOCIe-
nopareasuocti (7), T. . ecAn

Baget + oo Baprot =By o oo Fuae (109

Hrax, ®» (7) Borpesaerca oGoe MHCI0 BHA Ba—t 8ot - Bogng H, B CH-
ay (10), moGoe wHeI0 BAAA Bred By Bt (Bao = 01,000, 0 —1)

PasofueM Temeph Hed A-SHAYHLEE MHCIA 04 KIACCH Ry (v=0,1,...,n8)
oTHOCH % Haaccy f Boe wucaa, ¥ KOTOPHX HANGONBIIAA TPYIna MOCIeIHiEX
SHAKOR, CORMAJIAININY GO BHAKAMY By Bg. .., COCTONT M3 Vv 3HAKOB. Yucaa
wnacca A% Gyes amICHEATH D B B ':5',‘ A 8 e e By (Samerns, uTo He
oGARATEALHO BOAKOE MHC0 BATA .. P Byaes f, TpUHATIOKHET IACCY
A7 — omo mMoiKeT NpIHATIEAATE K K L = ¥y =)

Kmace AY cocTonr, OYeBHANO, M3 EJUHCTHEUITONG apena By Ba. .- a1 Bnp
& 9TOTO UHCAE HanMHASTCH  IOCHARI0EA TellLHOCTL (7). Hax Gmio noxazano
BLIDe, BCC THCIS DUAA Bn_g 8.0 Sa_y TAHHE COMCRRATCR B (7). Tawmm ob-
pasoM, fOKABAHO, YTO Hee WNCHA KIACCOH B ow AL ¢ BCTPedaloTol B OOCHe-
mopatessuooti (7). TIpesenine me iy s, Tonyerim, uro B (7) cogepmarci
poe wncha maacea Koo, ($3 1). [Tokames, aro Toria 8 (7) cogepmarca Tawme
pee wncia KAacea Fa_ i)

Pacemorpuy n — l-apaunme wicaa
:"m------.'ﬂ:u L8 e e Butadn)s

T BASIeHAIRe KAy R: cl 3 Kamgoe TAKOE THCI0 BCTPETHTCH Cpejgd

n—1-aHaMENX YMCET, ¢ HOTOpPRIX HAMHOAKNTCR N-3EATHEE THeTa

Prssaia i Bive:-Biv s v Swisgiin Snze

gnacea Ry [lo HRGyKOUORDOMY TPEIOOMOREHT0, 1 nocaegoratensaocti (7)

copepIRITCA IOGUE M-AUATHOR THEAO BUAA
. X o )
B s o Pt 8y o Bt Brmsy

A JHATHT ¥ BCAKO: MHOIO BRI

Breess s Baot 8y - Bitat1) Bnse (11)

Corsaceo metopy A, Kamaoe wa wmced (11} smorio GuTs BREECAHO B
HocaeRoBATEILIOCTH (7) e B ToM cayuae, worga B (T) yae mcTpegaiock
mobioe THCEG BRJE

[3:-4-'<f3:\--181-"8n--u+1l.3 (,3-';’-3‘._.]. (12)
Mz (11) m (12) voxydacy, UT0 KAKA0E A — 1-anaunoe w@cao
Brg--e Bt Bpei s Bnotapny (13)

KIacca H'.:Z:.-,;, serpeuacred B (7) pasuo g paz. Hu oj#Ho ®3 aTHX THOEI

He CTOMT B Hauade mockaefopaTedsmoctH (V) (Tak mak B Hadane (7) crour
i . 4 ~1

GHETO 8y ... Baet, OpEBAIASRANES:  KILLCY RMTL, OTAMYHOMY OT  HASCCA
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R leisy mpm s3>1). Ho Torpa mamgoe # — l-suanmoe wiemo (13) serpernr-
¢l B TOCHeNOBATEARHOCTH (7) ¢ MHOOHM JHAKOM cllepa o, CAeJ0BATeILRNAO, B
(7) comepimaTea Boe R-3RAMHLEL THCTA DT

Brstainy Bivas - o e Brfap 1))
B BEMECTE © TCM H BCe SHCja Klacca H:_.[,_-.”.

Hrar, nocreaosaTedbHocTs (7) COTEPRET GO KIACCH Ry v=n,n—1,...,1,0
{a sEamnT M Bee A-anEMMMe wAcaa) W, Tawus ofpazou, npegeTanimer cobodk
HEKOTOPYI0 CHCTEMY Pn (7).

Oreofa HenccpejeTEenno CAeIYeT, YTO I METOOd A, ywazanweilt orame
AAR enyMadm g o= 2, NPUBOANT K NOCTPOSHIIG CHCTEM Pn {2), TAK Hawk OH AD-
AAETCA HACTHEM cayuaem smetoga ;. (Jerko npopepmrs, wro meron A jaua
g =2 monywacres m3 smeroma A, mpm 8; 8. .. Faada=11...11)

§ 3. Tloxamest, wro He Deakam cheTeMa po(g) Momer OmTR mONYTEna
seToaom A,

TIpessne BCETO BAMETHM, WTO JI7IA KO0 cieremst! pn (g)

By oo BntoeeBoBogtons Brgna {14)
CHpaBeIINEe PapcHCTRO

B o B T B R (10)

sowasammoe panee [ear. (10)] nan enerenm g (q), momysonnex smeromon A, . Ieit-
CTBNTCABHO, R — 1-suavioe wnemo S.ip . - « Srpn—p, CTOAMEE HA KOHIS CHOTC-
mm (14), serpewactesn B meil eme g pas (rax waw cwcrema (14), annaAch
cucToMoil P (g), coOmopENT RAAJO0 R-3HATHOO THCA0 BER L S R
rae p=01,...,9—1) [laaume poxsaaTedncTBO COBOATAeT ¢ JOK
creom (10).

I3 cooreercremm o (10) Gyaesm B panemedinesr cneremst po () sammcRBaTH
B BRI

B teeeBe] By Bnat AN Bp...Bacy -8B e Bat (==1"), (15)
NpHYEM CHCTEMY WS HepBmX §" FHAKOD
Sy eaalBpugeraBs {15y
Gynem maswears cuemesmodi p (g). Ilponzseney B gy, (§) npoNaBONEREYI0 MMITI-
HECHYID MEePeCTAHORKY JMAHOB:
St o=« 8eBy oe o B (16)
Mprmwmes n (16) cnpapa i — l-snannoe awcao Bugy. .. Spn—1; TOTAW MHO-

IOYIHM DOCHe{0BATCIRHOCTT
TN I R . SRR . SRR (17}
Dra MOLNEOBATCARNOCTh CONINT DCe R-3HAYIMC THCTA, BCTPOTAIONIHECH
n (15), W, clENORATEALHO, TAKMe HpoACTARIACT coGOit HEHOTOPYID GMCTe-
my g (9).
IOee cucremir p, () Oymesm Ha3WBATE CHWECMOCHN0 PAFARNHLANL, eCUT
COOTBRTCTRVIONME RM cheTeMid po (g) wnsakoll winceckoll  nopecTanoRrod
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HEALIA MEPeRecTH Apyr B jpyra. CHCTEME CONTAEM IPOCTO  PE3AEWLMIL,
e BeR WX SHAKN COOTBUTCTDeNHO coBmagawT, Tak, maupamep, cyugect-
BYCT BCCTO 4 DAsHUMRX cucTemnt g (2):

1100:1, 10044, 0041:0, 0110:0.
Cpeanm STHX CHCTEM HeT CYmEcTHeHno pasmmuunx. ChereMu gy (2)
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ceoifictoa (b). Samuouenm 0TV cHeTEMY B BEIe
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Tax 4To
Rr et - s Arpn—t = hp Ap+ « - Apjn—2 (26)

Hyers p<"r. Jlorko MOKA3ATE, YT RaKLOC R-SHEMHOR MPOTTO Hg v o+ Pt
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B cayuwae p=r, noassysck (26), uonyums
Ardpgt oo o Appn—t = Ae koo oo By

UTO CHOBA HCBOAMOMHO, TAK WAK CHCTEMA, COOTBOTCTEYIONMAST P, HE MOMHST
SOMIEEHATE THNCHI, COCTOAMMX B3 OJMHAKOBEX THAKOE.
IoayuenHoe DPOTHECPENMHD NOKAILIBRET JEMMY.
JIEMMA 2. Hasedas ua cyujecmeyinyur oCoSus cucmes Hoxcem Gwmy
ROAYNENA CRETYIOWITM MO IO
Merog B. B nepsofi cmpoke ownucseces £o0oe n-gleautoe wWueao
By Byg o oo Bin—g Hpn, Me o SHarE Komopose odasaxosss. (Pawxcs  obpasos,
Byycoe Byneg 5= 81g0 00 Byne) Feoz ccmastnme CMPoKR, HRAYEHAR ©O  @MOpoR,
mpas 19 casdyougi sy 05ty RPIIUAY RYCMb yxee eunucano & cmpow
(k> 1)
Bia B1a Bz - v Finet Bimy
Bny Br2Buz - - - Srn—t Bun-
Paccsmompise n— 1-anavime wcaa
BrgeeeBim But e o Bt (v=12,..., k). (20

Hasooesm Jonyemusimie WelaMe Me NHCAR iy . . . fn—g 43 cogoxynncemu (27),
BAR KOMOPUE fhy .« s« ffn—s =8gg . . - Ogny €048 3y5. .. Sin  GCmpenaiocs  cpedu
HECEA Buze oo Byt (v =1, 2, ... k) meeawe g — 1 pasa, a marace me, dag
KOMOPEE (L « o« [ne Bige -« Biny ECAH [y ... Pn-g GCHIPENAL0CH CPEOW  MULCAA
Bgees Bunay (v=1, 2,..., &) xenvue q pas.

Han nocmpoenns & -+ 1-E cmpokts SROEpeM Syiga .. . Drgan PRENEM anbony
28 GOMy SN NIHCER; SHAR Bpip) OWOCpEM Mak , wHoGH EA0 Bty -+ - Shpiny
omauyaaock om awdoeo us wuces (27},

Tawum ofpazos, K-+ 1-z8 cmpoxe nocmpocha. ITocmpoenue asemodos B
CUUMACM  FAKONUEHHILM, K020Q ROCTIPOEMNE ONEPEOHONE  CTPOKE  OKGMHCEMCR
HOGOFMODCHBEM .

Torases coepaa, 910 Meto B soerga HpuBojuT ¥ HexoTopolf ocobod
SHETEME,

HeierenrelsH0, DPONCCt DOCTPOSHNA CTPOK He MOMET IREOHYMUTEOH W3-U0
HEBOIMOIKOOCTH BROPATH Sxiqy (9T0 CleyerT n3 BUTOPA JOLYCTHMEIX HCCIL),
Tarny ofpasoM, DOCTPOENNE SAKANUMBACTEH W3-20 HOROAMOKIOCTH  BROpaTh
Bkgt ... Sppin, T & N33 TOTO, WTO JAn HexoToporo k= s rpyona pgoumy-

ATHMHEX MICea He {’J}',‘[&.‘I’ COAERATE IH OJHOUO SN

Bramnmey CTPOKI, ROTORLIE TCH MOCTPONTE MCETOL0M B

Bhpt b Bhegt 2o

KAK KOKA0D M WHCell Shpq2.- CONCPHGITCA  CPeMN IRt
=1 §—1), T0 MOWHO YIBEPHRATE, UTO AAs cicremsr (28)
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awdoe MRG0 BRRA
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agwm cobofi cucmems pa(7); wawcdas uS CywECMEYOUET cucmes py ()

[
U S I n g t h e Se S Ste I I l S h e t t atopcen: Gams noayvona Memodose A,
g O e JorazaTeaAbcTRO. llyeTs npunmcHpagne SHAKOE © NOCART0 BATEN b

poctn (32) sakomuwaocs mpw k=< {z=1):

Ma sufiopa 3HAKOB Sign (k=1,2, ..., =—1) caepyer, uro BCO A-3ADY-
HIle SHCAA, PXONAMMNE T DOCASOBATEIRHOCTE (I3), pasmransl. Tarmu ofpa-

problems with sums of fractional

- T Le—1)

BOTPETHTCH Kamane CYMECTBYIMES N-3naTnoe Hnemo.

units of exponential functions. T peese s, SRS 2% pccps:
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agars i 1. A [Dopcantaem cysmay ormevensmx smaxos. PaccMorpum cmepea
CODOKYIHOCTE 3HAKOE BHIR

neao amakos B Hammoll rpyone g, Pr KPATHO p, CHASMOCHATENLEG, BO
e it

sTOpoit Takoll rpynme mepens Gyaer ortmedenm v — 1t apmar w T. A., DOKa
(mepen v + 1-it rpyomoit) me Gyaer oTMeweH HONL, PA3NLIAIOMNI 911 TPYINL.
B v+ 1-it rpymme Oymer orsewen p-it anax, zateM p—1-if w T, g0 a0
v 4+ 1-ro B mocaegaeii.

Taxny ofipazoM, COBOKYONOCTH OTMCHCHNLIYX 3HAK0OB COBHAAACT € COBO-
EYNHOCTRID BCEX JHAKOE, COAepRamuxca B rpynoe g ....p 0. Tax xaw
cyMMa BOAKOEB B B PABHA q“f-:— . TO CyMM& 3HAKOB, nTMedcnumEx B (31),
by mer g

1 nlgn(g—1). (32)

= ! -
B mepsoil nolmonmHe £ CONERIRATCA W Toymm (41), cacpoBaTeaLHOo, cyMMa
AAKOE B 3T0H NOAOBNHE paBHa

l,j-_"n!'-‘q" {g—1).

Puc.L',Mn-r-puM TEREPhH COBORYNHOCTE 3HAKOE

B meppom nz Bn OepEEM OTMEdeH vw-ii spak, Bo sropoM — v 4 - o 7. ;.
mo v — l-ro B mocmepmess. Ouenngho, CYMMA JHAKOH, OTMEHOHHEIX B [:ili}.
COBOAMACT ¢ CYyMMOil BHAKOB B TPYINR Py 05 - - - Ph- DYIEM DOIEIOBATHCA TONH-

S e
n
KO TOMI CHCTeMSMIT P, HOTOpHe maummawTtea ¢ myaa. Torga smax, orfpo-
meHnsii B gy, PABEH HYIK H CYMMA 3HAKOE B fn fh...0nh coBmamer c (32).
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B B = T (I g o B2 GRR) +

OLIEHKM B BOMpPOCE 0 CyMMaXx

Henonsays (20), moayans
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OpobHbIX N0J1EeN MOKa3aTebHbIX i
PYHKLL TEOPEMA 5. Kar 60 Medaenno nu cmpesmusucy @Pynryuu ¢ (P)—>o0 u

£ (P)=>0 npu P—o0, naiidemes « €L maroe, umo

P

}‘.l
N S {ag?) — 4 = Q(P-<(P) u D {ag™}— 7 =0 (@ (P).
x=1

=1

period

sl . CorIacuo  Teopese

LI X
n ™ ;
l | t h aeit [eg®} padera OT CPOLHETO BHAYEHNH 5 , HAKOBEA
S I I I g e S e SyS e I I l S ( g Ot t e H HIE GRITA MTOMOAHTEILEAA PYHEINA © (P], RaK YEOAHD MOITeHHD CTPeMA
magca K HymMo mpn M--os0, maifigere W00, WTO T Dy mer

inercn o€ L Taroe
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OLUEHKHM CYMM JIPOBHHRX J10OJIENR

Hdorazarearcreo. lyvers ua o =0, §...8,... DEHOOGTHACTCR ©
ornomenne (33 («"€L). Briepes mensio &y~ k<7 ..., ¥AOBIOTEOPAMINNE

ko) > kS, hue = kae ke VElRn0) |, k=2

Moetpomst o =10, &, §5. .. 8. .., UAe 4708 UeTHRX o HeweTHMX & Wz HATEp-
Baan (Kgpy, fos) WOCHEOBATENBHOCT IHAKOB ) COBHAANT COOTBETCTBEHHO
¢ MePROIMICCRINMIT NOCT8TOBA TN BLHOCT M
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B snay memumr 2, x€ L.

Py
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=i

Wog Ay 3 : Wy gy " Koy
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x=1 Y gy g1

.
Fapai . by
e B

Eans L 2

&e -+ o (P (kaami)).
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o : Ry
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]

* Fny — Koy g
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[ deny. .o K. -
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nepuon"quK"X C"CTeM I/I C VIX NDRMALPERIODICSYS'{EM‘S&NDTHEIR&PPLICA‘[!ONS

TO THE ESTIMATION OF SUMS OF FRACTIONAL PARTS

MOMOLUBLIO MOJ1IYHNJT HeYJlyHllaeMblE

This paper is a study of the structure of normal periodic systems. A general
ucted.

O L'|e H K M B B O I_I O C e O method is given by means of which every normal periodic system can be constructe
p C y M M a X The sums of fractional parts of the function ag” are then estimated.
[ CHAPTER 1. THE SYSTEMS p g)
ﬂ' p O 6 H bl X Dl On e M I-I O K a 3 a Ten b H bl X The fiest two paragraphs of this chaprer contain definition, examples, and the
simplest methed for constructing the normal periodic systems p_ (g) (method A
In § 3 it is shown that method A ; does oot give all normal periodic systems

~
YHKUWNN. ata
In the fourth and fifth paragraphs the structure of systems Palg) is investi

gated, and a general method (method .42) is derived by means of which every nor-
mal periodic system can be constructed.,

&1, Let n and g be integers, where g = 2. We express each number 0, 1,
2, o0, q" =1 asa "decimal " of n

0=

N. M. Korobov studied normal
periodical systems in detail. _
Using these systems he got the ot e s e

There exist eight distinct three - digit numbers to the base 2:
oo, 001, 010, 011, 100, 101, 110, 111. -’

u n i m p rova b I e esti m a teS SO I Vi n g Consider the sequence of the following ten digits:

1000101110.

“The set of all three -digit numbers which can be obtained from the adjacent

problems with sums of fractional v -
units of exponential functions.

which obvieusly coincides with the set of all three -digit numbers .

* Translator's note: To the base ¢.

3l
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It is casy to verify that the set:

00, 01, 02, 03, 10, 11, 12, 13, 20, 21, 22, 23, 30, 31, 32, 33
of all the two-digit numbers to the base 4, coincides with the set of all pairs of
successive numbers in the sequence

22330010203112132, {3

By a normal periodic system, or a system p_ (g}, we shall underswmnd a se -

quence of ¢ digits

ByBg-ne By, e By, e B, (4)
{where t=g" + n— 1, and &, is an integer in the range 0 < 8, <q—1) which
possesses the property that the ser of all n-digit numbers
B8, W=0,2,.00,q"-D)
formed from n successive oumbers of the sequence (4), coincides with the see (1)
of all the n-digit numbers to the base g.

Sequences (2) and (3) are, clearly, examples of the system Py 2) and pyl4),
respectively.

The existen ce of nommal periodic systems for every n was proved by Good
[6); bie has also produced the example of a system Pg 2)-

Examples of systems p_{g) for small values of n and g (n <5, g =2) can
be easily constucted. It is more difficult to construcr a system £5(2). And with-
out knowledge of a general method for constructing systems £,(g), the problem of
finding examples of p (g), for n > 5, presents difficulties, even for n = 6, and
g = 2. Such a general method, which also proves the existence of the systems
P,lg) (differently from Good) is given in the author's paper [3), For g = 2 the
method is as follows:

Method 4 (for g = 2). Choose the first n digits to be I’s. Next, write zeros
to the right of the 1I’s for as long ns the new n-digit numbers resulting from this
are distinct from the ones already obtained. 1 is written only when putting an -
other zero on the right results in an n-digit number which has occured before. The
construction is completed when either writing a zero or a 1 on the right results in
@ number whick has already ocourred.

Thus, the construction of Pot2) by method 4 is a recurrent process, the
&, , o th digit being determined by the previous & + n— ! digits
BpeesB wendy geee 8 o kzD) (5)
as follows:

. {0 W g B yung OF8, yroedy =00 cee, k=)
k+n 1 otherwise.

The proof that the process ends only when the sequence (5) forms a system
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Pnl2) was given in [2]. Here the proof of the above statement will follow from a
more general method (method 4 ;) for constructing the systems o (7).
By means of method A, examples of systems 95[3). 1’6(21‘ etc., can be easily
constructed:
P (2) = 111110000010001 100101001 110101101111,
Py (2) = 1111110000001 00001 10001010001 110010
01014004101001 1141040101101 0104 1111,
g (2) = 111111100000004 000001 100004 010000
1110004004 000104 10001 101000411 1004
00110010101004011 1004 4041004 110100
11114010004401014 141011010104 44141,

$2. Method A 1+ Choose the first n digits gy 000y 8, arbitrarily. The di-
gits 8, 1 8, o ete. are written according to the following rule: let the process
be performed s far as the & +n -1 digit:

BpneeBinnn Byy paesBigesy (BB 6]

Consider the number 3k+1 s 5‘;_‘_”_ p formed from the last n— 1 digits of
the sequence (6). Let the lase p digits of this number form the longest sequence
coinciding with the sequence of the first digits 878, .2+ 8, (0 < p<n—1). Choose,
if possible, 5, . to be a digit distinct from 8, ; and such that the new n-digit
& +n i85 distince from all n-digit numbers 8, j -« d,
(v =0, 1, <+, k= 1) contained in (6). If there is no such digit 8, (ie., if eny
# 8,y results in o number already contained in (6)), take &, =

number S g oeee Si__‘,‘_].ﬁ

value of 8,
Sl The process is completed when every addition of a digit on the right results
in an n-digit number already occurring in (6).

Suppose that no more digits could be added to (6) at k= r {r > I} Clearly,
all the n-digit numbers which occur in the sequence

Byews B en BB 0B g (7)
thus coastructed, are distincr, However, it is not as yet clear whether the process
does not stop before all the n-digit numbers occur in (7).

Thetefore, in order te prove that the sequence (7), constructed by method -‘fr-
coincides with a system p_(g), it is sufficient to prove that every n-digit number
(1) is conwmined among the numbers

TR N (v =0,1, 500, 7=1) {8)
occuring in (7).

Let /3, Bﬂ' ﬁ,. ey, ﬂﬂ_ j un, independently of each other, through the set

of g values 0, 1, v g - 1. First, we show that the sequence (7) contains all the

numbers of the form
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B

=1

By 8yeeed_y (B =01, e q=1) (9

In fact, consider the n — I-digit number & w8 _ 3 which ends the se-

r+1" Tn
quence (7). Since the process of adding more digits on the right cannor be continued,

it follows that every digit 0, I, -+ -, § did occur once in sequence (7) on the right

of the number 5, ; «+- 8 Consequently, this number occurs in (7) exactly

ren—1"

g + I times. Moreover, the digits on the left of the number B e 3”_”_! must
alse be all distinct, which is possible only if these final n — I digits are the same

as the first n — ! digits, Le., if
B,y 8 108 g (10}

Hence, (7) contains all the numbers of the form "gn—l'sr..f wen 5,“‘_‘.. and
by {10), all the numbers of the form B _ 8 «++ 8 (B, _;=0,1, -+, g-1.

Let us split the set of all n-digit oumbers into classes RY (v =0,1,...,0)

. &

f4+n—1

where the class RY, is composed of all such numbers of the set for which the
longest sequence of last digits coinciding with 8} 8y +++ consists of v terms. The
numbers belonging to the class R}, will be writenas 8], «+« ﬂ;‘rﬁr sen B
(Note that not every number of the form B, +- B, _p8;+++ 8, belongs o R ;
it may belong to the class R’,‘,} where v > w.)

The class R:, elearly, consists of a single number 51, 52 e 5"_ 15ﬂ. This
number starts sequence (7). Moreover, it has been shown above that (7) conmins
all the numbers of the form |B,., -1 31. Lid 3“_}. Thus, all the numbers of the classes
R: and -‘\':_J occur in (7). Let us apply the method of induction. Suppose that all
the numbers of the class R _ (s > 1) occur in (7). Then (7) also conwmins all the
numbers of the class BT _ (s + 17"

Consider the n — I -digit numbers

By By BBy iy
which belong to the class R :{s LIy
n— 1 digits of an n-digit number

B, DL FRLEE MRt
which belongs to the class R:_é. By hypothesis, sequence (7) contains all the

Each of these numbers occurs as the first

-

n-digit numbers of the form
v ' = -
A L
and, consequently, every number of the form
ﬂn—;"'ﬁn-rsa‘"‘Sa-{“n‘sr.—s' an
According to method rll,, the number (11) can only be written in sequence (7),
if (7) contains all the numbers of the form

BBy B8 B BEE,_ ) az

A—g =

Thus, it follows from (11) and (12) that every n— /- digit number
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Bace s BasiBr 8 aan o
of the class R::g’ 47y occurs in (7) exactly g times. Moreover, none of the num-
bers {13) begin sequence (7) (since the number &; »-+ & _, at the beginning of
(7) belongs to the class R 1 which is distince from RT =1 |\ for 5 2 1), Buc
then each of the n — [ -digit numbers (13) occurs in (7) with every possible digic
on its left. Consequently (7) contains all the n-digit numbers of the form

- R 1Y - A o T A 1Y
and thus, it conmins all the numbers of the class R:—ts wly

Therefore, sequence (7) contains all the classes R}, v = n, n— 1,+0+,1,0
(and consequently, all the n-digic numbers) and hence it is a system g (3)

It follows at once that the sequence constructed above by method A for g=2
is a sequence g (2), since method A is a particular case of methed 4 ;. (It can
easily be verified that method 4 for g = 2 can be obmained from method 4, by
mking 8; 8y c0e & _ ;8 =11 cus 1)

§3. Let us show that method A, does not give all systems p (g 3

First of all, let us note that the property (10), proved above for the systems
pn[rlrfl constructed by mechod rTJ,. can be extended to all systems p (g), i.e., every
system p_ (g}

Bormn B g e B e B g (14)
has the property

a“}....s”"_}-_ar.,.fs"_;_ (10)°
lo fact, n—1I -digit number &, , <+« & __ ., which is atthe end of system {14),
occurs in it § more times (since (14}, being an P (g) system, contains all the
PO Mk 5r+n_Fﬂ,whrre Bt I, eee,qg=1)
After this the prool coincides with the proof of (10).

n- digit numbers of the form &

According to (10)” the system g () will be written from now on as
Byues B,y s 8,18y eee By _y ox Sy enn By _yearB Byened, _  lr=q™ 15
whilst the system of the first g" digits
5 5 B
T S (15)
will be called a system p':fq}. If we perform in p;{q] an arbitrary cyclic permuea -
wion of digits
§*+1...5’5;...5* (16)
and write on the right of (16) the n — I -digit number 5*_‘_, wes 5* tn—] We obtain
a sequence

Spart Bppnog o By e BByt By (an

This sequence contains all the n-digit numbers occuring in (15), and, consequently,

it is a system p_(g)
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Two systems p_ (g) will be called essentially distinet, if their corresponding
systems p:‘{q) cannot be tansformed into one another by means of a cyclic permu-
tation. The systems will be called distinct if not all of their corresponding digits
are the same, Thus, for example, there exist 4 distinct systems po(2)

jtooi1, 1oolil, 0011;0, 0110} 0,
but no two of these systems are essentially distinct. The systems 4 2)
0100011101 and I1100010%11
are not only distinct, bur they are essentially distinct. The systems {15) and (17}
are not essentially distinet.

De Bruijn has shown [8],that, for every #, the total number of essentially
distinct systems p, (2) is 27, where r= 221 _ 5 Let T, denote the aumber of
essentally distinct systems g (2}, which can be constructed by method .dJ.Sincc
in method A ; with g = 2, all the digits, smrting from 8, 1 are uniquely defined,
the number of distinct systems p, (2) obtained by method 4; is equal to the num-
ber of distinct n-digit numbers PR 5“, j.e., it is equal w 27, Some of these
2" systems may not be essentially distinct, so that

r <2
But for > 4
e Gr=2""1on)
and, consequenty
T,<2 2z 5)

Hence, for m = 5 method r‘f, does not give all normal periodic systems pLla)-
(Already for n = 5, no more than 32 out of the existing 2048 systems pg(2) can
be constructed by method A ;.)

&4, The question arises: is there a method by means of which every system
polg) can be constructed?

To develop such a method we start with some preliminary remarks. Consider
a system p lg):
a{...s"__z...arai...s (r=g") (18)
Let 8 80t 8y, _; be an arbitrary n— 1 - digit number, distinct from

n=1

Byoee &, _y- This aumber occurs in system (18) exactdly g times. Each time, by
adding a digit on the right it is completed to an n - digit number. Let Bppee '5;;.,_:
Skn be the last (counting from lefe to right) of these n-digit numbers. We shall
call the set of thus obtained 5 = q"_! — 1 n-digit numbers

Byt Bape 1 5kn (k=l,2,s00,g" 1=D (19)

a system associated with & given p_lq). By a specinl system we mean any set
of n-digit numbers
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(8, are integers in the range 0 < 8.4 < ¢ — 1), sadislying the following conditions:

(a) AL the n— 1 -digit numbers Sy o+ 8, g Uw 1,2, 000,91 1) are
distinet and none of them is equal to 8y <+« 8y lice., all the n — 1 -digit num-
bers, except 84 <++ 8, ocew among the numbers Gogren 5,"‘_;)4

(b) The numbers (20) can be put in such an order that, for k> 2 every n=1-
digit number 8,5 -+ B, is equal either to one of the numbers UL -
{or=1,2 o0u, k=1), or to the number 51.2 5“'.

Thus, for example, the systems pg(2) and py(4)

1000101110 and 22330010203112132

have associated systems

1o 32

011 ] and 03 ] 4
(7] 13

The systems (21) are, evidently, special systems.

Lemma 1. Every system (19) associnted with p (g} is a special system.
According to definition (19) all the n — I-digit numbers, distinct from
80028, _; occur among the numbers 8,7 -+- &, ;. Thus, to prove the property
(a) it remains to prove that (10) contains at least one number of the form ,I'§5} . uan_‘,.

First, consider the systems p_(g) for which
BBy ene B _o B8 By B .
The number 5,5, <+« 8, _,8 _, is the last of the numbers of the form Bl a8 B
which occur in (18), and, consequently, it is contained among the numbers of the
system (19).
For the systems p (g) in which
3,61 ...5"_2=8}32 "'3,.—1
the following relations holds
BpmBy=rea=8, 4 B, #8,
BBy rer B _gF8 8y,
The number 8, _ ;8 ««« 8 _ ;8 _;, which is equal to the number & _; &,
Gpaen & _ o is the last of the numbers of the form & _y8; 008, _o B which

occur in (18), Thus, (19) always contains a number 'Bal e 3"_:
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(ﬂ' 5,_, for -3,-_3,”--05”_,)
&, otherwise

and, consequently, the systems associated with p () satisfy condition {a).

Suppose now that with some p (g), say
By ern By _yree BBy B,y

ich is not special because conditions (b) are not

Let i — I be the greatest index for various arrangements of the rows of (22),
for which condition (b} is satisfied (i > 2).
Consider an n - I -digit number 8‘.2 - ﬁl.ﬂ, By definition {19) the numbers

By oeB_ps By By, y =l 2" eD) (23)

form the set of all n — 1 -digit numbers. Therefore, 8,5 -+« 5, is conmined
among the numbers (23), By definicion of index i, 8,5 «++ 3“‘ is distinct from th
numbers

By eee B _ g By B (k=1,2, 000, i=1IL
Consequently, there exises an i; > i such that

By vee B, =B 5 (iy 2

in = %igd "t Yiga—1
Similarly for n — 1 -digit number 5&';2 e Sl.in, using inequality ) > i, we have
5‘_,2 sas 8":" = 3.'21 31'2n—.f liyz i
Continuing this process we arrive ar the following set of equartions
L ---8"‘:6‘.‘jl »-.5‘.}.‘_; li; zd
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BygeerBpa=B8y gy
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A_A 'AvAr+i"' S

plprl "
From (24} we obuain

OLIEHKW B BOMPOCE 0 CyMMaXx e T
OPOOHbLIX A01en NoKa3aTesIbHbIX :
¢)yH KL'.VI I7| i Therefore, the u—disi;mx.uj.l-:e;j+n_; onoet ”r-'r]

v
which occur in sequence (25) belong to system (22); all the n — I-digit numbers

NORMAL PERIODIC SYSTEMS

&

of the form
Ay wer Ay ey Wepipa T e r s D)
occur in (24) and, consequently, are different from &, +=+ 8__ ;. Finally,

Bt oo« At = Bi,20 « - Btm= Bigt -« - Dignt = R o Aptnoz,

so that

N. M. Korobov studied normal W S T

+n
Let p < r. It is not difficult to show that every n-digic number A, «ccA,

(v = p,»or, r=1) occurs in p (g) on the left of the number M1 M

periodical systems in detail. I AR 90

n - digit number in p _(g) which begins with the sequence of digits A, " Ay p
[
l |S|n these Thus, A Ay, L goovdy, ng can be on the right of A,  ; veed, T,
S e g O e only if it occurs at the end of p (g), which is impossible since A «ee A,
[ e By g
u n - . It follows that for ¥ < ¥, every n-digit number A, rec Ay, o
IMprovapile estimates solving 0.0 bl 1 o s Ay Dy g 0 PSR, T By
occurs on the leftof A -ec A ,r which is impossible, since,

A'J\H_,---a\ A A saed

problems with sums of fractional s

’\,,""‘P+n-2"ar"'5n-l'

In the case when p =r, we obtain from (26)

units of exponential functions.

p+a=2
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which, again, is impossible, since a system associated with p_(g) does not con -
tin a sequence of n equal successive digits.

This contradiction completes the proof of Lemma 1.

Lemma 2. Every special system can be constructed by means of the following
method:

Method B. Write in the first row an n-digit number 8;; 87, «oe &) ) 8, not
all digits of which are the same. (Thus, 8y7 +~+ 8,1 # 8pg +++ 87,.) The second
and all the remaining rows are constructed according to the following rule: Let k
first rows (k= 1) be

811012873+ Byt Bgwr

L PL LR L
Consider n — 1 -digit numbers

Bygeer By Bypove By Wl 2,00 B (27)

By acceptable numbers we understand those numbers py =« p,_; of the set (27)
for which py eoep, o= Bygeee 8y, if 8p500e 8}, occurs among B8, 4+ LT
(v =1,2 -or, k) less than g — 1 times; and also those for which py veop,_o #
Byg e 8y, if py vee p,_p Occurs among Bogree B g (0 =1,2, 0, k) less
than q times.

To construct the (k+1)st row we choose 8, 45+« 8, . to be equal toan
acceptable number, then choose 8 ; 1, so that the number Spra  Bpippag is
distinct from all the aumbers (27).

The (k+1)s¢ row is thus constructed. The construction by method B is com-
pleted when it is impossible to construct the next row.

We begin by proving that method B always results in a special system.

In fact, when the process stops it is not because SM-I ; cannot be chosen
(this follows from the choice of the acceptable numbers). Consequently, the pro-
cess stops when it becomes impossible to choose 3,‘” gt 8}(+} nr i-€., when,
for some k= s, the set of accepmble numbers is empty.

Let the rows which can be constructed by method B be:

8 G Bin

Bm Ba2 . (28)

coban—t Banm
Since every number 8 ;000 80 {k=1,2 ..., 8=1) is contained among
the numbers (27), the system (28) has the property (b). Further, it follows from the
choice of the digits 3*” 3+ that all the n - 1 -digit numbers
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(29}

are distince, and none is equal o 51, g 6, n- Thus, it remains to prove thac
5 q”"l -1, i.e., that (29) contains all the n - [ -digit numbers except SJ‘?""S}.«‘
Consider the numbers (27) for £ = 5:

Byorerby and &, 00 B o =1, 2 een, 5) (30)

va=1
The number §; 5 +o« 8; _, occurs among the numbers &, 5+« 8,
(v =1,2 0o, 3) either g =1 or g times according to whether it does, or doecs
not, coincide with the number 5:3 s 5‘} n \for otherwise, for k = 5, the ser of
acceptable numbers contains 51 24 43‘, i and is not empety). Bur then, any number
of the form
ByBygreedy 4 By=0,1,:00, -1

occurs in (30).

Suppose that (30) contains all the numbers of the form

BBy v ByBygree 8y, (.Ugﬂqu—f.' f=1,2 s, ik
Then [8; <+ B84 +++ 8; ., , oceurs among the numbers &, 5 -++ 8,
(e = 1,2 40, 5) either g = I, or § times according to whether it coincides with
Gypgees 8; a0 OF not, respectively, Consequently, any number of the form
Iﬂ‘.”ﬁ!.... By ..,Sb‘_h.'“

also occurs in (300

Hence, by induction, we find that (30) conmins every number of the form
Bo_1Bo_zree B, he., it contains every n — 1 -digit number.

Consequently,

241 mghl

and thus, (28) is o special system.

Let us now prove that every special system can be obmined by method B.
Suppose that the special system

Sitr1 8412 o+ Bigrn1Bitin
Ss1 8sz  -v- Ban—t Bam
cannot be obtained by method B.

Let i denote the greatest number of the rows of the above system which can

be constructed by method B. Since the first row of (31) satisfied the condition
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81J e By o # 61 g &) , which is also the only condition imposed on the
first row in method B, it follows that i > 1.

Consider the (i +1)st row of system (31). It follows from (a) thar
S0 Bipp py is distinct from the numbers

B,y e B;, and B, ; +es 8

Consequently, the n—2-digit number 8, 75 <+« 8, occurs among the num-

g el B G1y

in
bers 8, 5+++ 8, ,_y v =1,2, +--, i) cither less than g =1 or less than g times,
depending whether equation

B, g8, =830 8,

is, or is not, satisfied.

Morcover, by (b), 8;,; 9 ++* 8;,;, coincides with one of the numbers (31},
and therefore 8, ;4 +++ 8, 7, is an acceprable number. Consequently, the i+] st
row of system (31) can be constructed by method B, which contradicts our choice
of index i.

It follows that the special system (31) can be constructed by method B which
completes the proof of Lemma I.

%5, We now proceed to formulate a general method by means of which every
system p,{g) can be constructed,

Method A,. Write at random first n digits 88, - 5 . Choose a special
system with 8y 500+ 8) = By wen 8 . The remaining digits, starting with the
u + Ist, will be found sccording to the following generl rule: Let the first
n+ k=1 digits be

Bpby s 8 geee By g (k= 1) (32)
Choose the next digit 8, to be such that the n-digit number 8, .o 8 B
occwrs in sequence (32) for the first time, and coincides with one of the numbers
of the above chosen special system only in the case where all the remaining num-
bers of the form &, 4 +oo 8, B (8 # 8, ) have already occurred in (32). Con-
struction of the sequence is completed when addition of any digit on the right re -
sules in an n-digit number obtained before.

Theorem. The sequences constructed by method A, are systems Palg). Every
system p lg) can be constructed by method A ,.

Proof, Let the process of consaucting (32) stop at k=r (rz 1)

51,...5“_:...5'5“‘---8”_"_1. (33)

It follows from the choice of the digits &, (k=1,2, 20+, 7=1) thatall the
n -digit numbers occurring in (33) are distinet. Therefore, (33) is a system ERCH
if every n-digit number occurs in

5 b [T N RPN S )

val " Yrin
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By repeating the reasoning, used in method AJ. (proof of the equality (10)) we
find that sequence {33) contains all the numbers of cither of the forms
Bl e, and 8«00 B, B 0<p<g-1Ik

Let the special system used for constructing sequence (33) be

e B =8 ... Ba—y}

5= gn—t —1),
It follows from the equality §; 5 +++ 8; = &; «++ 8 _; that (33} contains
every number of either of the forms
BEjg a8y o Bypaee 8 B (Bad, 1, ssi,qg-1k (34)
Applying the method of induction, suppose that sequence (33) contains all the
n-digit numbers of the form
B8, peee B, and B, 5008, B =020yt 021; 0<f<qg-1k
Then, in particular, {33) contains every oumber of the form
Gprerd, =12 .. &)
and, consequently, according to method A, (33) contains all the numbers of the
form
Sy By B

By property (b), the number 5‘_” PR & coincides with one of the numbers

t+ln
By eanBrys By povady iy N =Ty 2wy
and thus, together with 8y 5 «+0 §; 8 and 5, PREE &, =l B, sequence (33) con-
tains, in particular, all the numbers of the form
Sp1z Bug B B0l ey gD

'I"hgmlwg‘_ the n — I-digit number &, , «+« 8, ; occurs in (33) ¢ times and

consequently ~ (33) contains all the numbers of the form
CLACE R e
Combining these results, we find that sequence (33) contains all the numbers

of the form

BE,grer SVN and 6»2 ---5vn,f3 (o ld, 2, sen, txl; 0B cq=-1IN

Hence, by induction, (33) centains all the numbers of the form

B8, 5048, , and 5,508, 8 (Ugvs; 0<Bqg=-1

and, in particular, all the numbers

* We assume Spepp cor Spapn f 812 +or Bppy; sinee in the case Bpapseor Bpagg =
813 =+ By the statement that all the numbers 88470 «++ Spipn occur in (33) coincides
with the one already proved in (34).
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8,8, 8,, (= l1,2, 000, 8h
from which, by method A5, it follows that (33) contains all the numbers
L EERURE e (v =l 2, 000,5)
But these numbers, together with the numbers 6]. P By 2 form the set of all
n-digit numbers, which proves that sequence (33) is a system p {g)

According to Lemma 1, with every p (g} there is associated a special system.
Evidently, the construction of p_lg) by method 4, does not impose any restric -
tions on the choice of the digits 8, except those, by means of which the special
system used in the consmuction becomes a system associated with ;}”fq}. Conse-
quendy, method A, enables us to obmin all the systems p _(g) associated with a
fixed special system. But, according to Lemma 2, any special system can be con-
structed by method B. Consequently, every system pplq) can be constructed by
method 4 5.

In the author's paper [3] the systems p (q) were used to obtain an clementary
proof thae the functions ag”® are uniformly distributed for specially constructed
irrationals @ . In the second chapter of the present paper the systems polg) arc
applied to prove the theorems on the sums of the fractional parts of the function ag®.

CHAPTER II. ON THE SUMS OF FRACTIONAL PARTS
For the case of a linear function ax the behaviour of the sums of fractional
parts was investigated in demil by Khintchine [1], Oswowsky [%], Hardy and
Littlewood.
It has been proved that k; an ircational o,
E [mx)} ——‘-_: = o{P).

et |
Moreover, this estimate cannot be improved for all irrational numbers .

Further, there exist ill%lioﬂzl a's for which
P
3 faxy —-5=0(nP), (2)
=
and it has been proved that the later estimation cannot be improved for any .
Finally, ,,
3 (az} — 4 =2 (InP), @3
Tt -
for almost all @, bur
P
Z (e} — -‘-'2-=ct{lr|"=‘t P) (4)

x=i
for every € > (L

In the present chapter similar questions are considered for the sums of frac-

tional parts of the function ay™, where g is an integer {g = 2). In considering the
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sums Zlaxl it was, clearly, sufficient to investigate the irrational @ in the in-
terval (0, ). The set of irrational aumbers coincides with the set of numbers for
which the function @x is uniformly distributed.

Thus it is natural also in the case of the sums E [ag™| to consider the set
L of the numbers @(0 < a < 1) for which the fractional parts of the function ag®
are uniformly dismibuted * .

The proofs are based on the application of systems p_(g) and on two lemmas.
The first lemma reduces the problem on the sums of fractional parts to study of a
decomposition of @ to the base g. The second lemma, without affecting uniformity
of distribution of the function ng®, allows us to change the digits in the decompo-
sition of @ in such a way that their sum, and consequently the sum of fractional
pares of @g®, is considermbly changed.

$1. Lemma 1. Let o be written us o "decimal” to the base g 2 2:

@=0,8; 008 rn,

i and let p> 1 be an arbitrary integer. Then

P i P
i LS e D = (81D (5)
§1L )= 2 e Q‘ oty (101

Proof. For every integer = = /
o
—
{ag®* } = 08unqt e v o Spagr o v 0 = ¥ 'qu+. .
k==t ¥

Summation over T gives
o

P P
Sp= Zl {agne} =2} %Elsmﬁl .
o | E

Split the outside sum into sums of p terms:
P

-
] 1 »
Sp= 2 2 =5 D Beteth by
hl vt T et
and rearrange the inner sum as follows
P o [‘\ Ptk k }
. . _% ~
XE'TJ. B tarkren = ,3.1 B ;-_Jg"-i-f Buxrv z=1 Buxev
Since 0 <8, <q — I, we have
Ptk k
> St — Sdir [<hG—
Pl pownt’
and, consequently,

P P
E By fxtn) v = E Bawtr + O (g —1) K, [0x]<1.
]

el

Now (6) becomes

* It is known [7] that the measure of the set L is [; the methods for constructiog
a€ L are also known [3]
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(a" € L), and let the integers k) <kz < isfy the conditions

OPOOHbLIX A01en NoKa3aTesIbHbIX Sl s

Define a by decomposition a =0, &; 8!: v o, where

Ao
dYyHKLUNI. {sa
arbitrary for kg _; <k kg,

Then the function ag® is also uniformly distributed.
Proof. Consider, first, the sum
N o
Sy= X p2Tim3g* (> ] jsan integer
xakgytl
where ky, SN <ky, g —ry and r, »@ as ¥ infinitely increases. It follows
from the definition of @ that, in the interval of summation,

N. M. Korobov studied normal ot o 10151

periodical systems in detail. s e § 1 E
Using these systems he got the sl ML e 25t e
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Apply the estimation for the sum (10), with ¥ = kye g3~ kg, o and v =5 =1 and

OPOOHbIX O0/1en NMoKa3aTesbHbIX T s oty oot
DYHKLUA. T e e

=z z z <| = z | + k5. _a-
7 ka2g+l *P_kzar—z"'!1_] 1 I+ kgg+! %22

3 x
plmimag” |

Using approximation of sum (10} with N = P - ko o v =5 and (1 1) with P = ;;23_
we have P

zi g2mimag™ l =olky ) +0lP - k?:) =olP).

x

Therefore, (11) is true for all P, and, by Weil Criterion [7], the function ag®

N. M. KorObOV StUdied normal i unifomly distribared.

§2. It follows from the uniform distibution of fractional parts of | 2™ | thay,

for every o,

periodical systems in detail.

Let us show that, similarly to the case of the lincar function, this approximation

Using these systems he got the o o A R

Theorem 1. Let e(P) be any positive function for whic Pllm
there exists an o € L such that s

unimprovable estimates solving

Proof. Leta'=0, 87 ... 6:‘ v+ be any number of the set L. Define &, by

problems with sums of fractional N ity T bW ot 0B
units of exponential functions.

and choose a= 0, 5], . 3* wee, where
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o [Bh forky, <kShyy

k (14)

g1 foc ky,_y <kSky,.
The number o satisfies the conditions of Lemma 2 and, consequently, it belongs
to the set L.

Suppose that for every o € L we have

P
L fagt)-L-0@.«pn. as)
xm] =~

Apply Lemma 1, with p=1,

£ I o .1 %
5 Ty b : = 5,
3 laglegly 2 8¢ty =ty 38 400 (16)
=1 x=l x=]
Evaluate the sum of fractional parts of ag® for @ conswucted according to (14)
with P =k 1
23 k21 7 k25
2 jag®l= E lag®l+—"g x 5, + 001
x=l z=1 T=F yukggog+]
By hypothesis (since @ € L) we have
kzs—i
Sl Kol 4 0Ghy, g elieg, -
z=

Further, from (14)

el wp_k2s 1
L lagtl="5+3 (g, = koep) + Olky, g -elky, oD
=l
By (13) kg, = by, g > Fpe g V elky ) =T and, for sufficiently large &,
ks

25 3 .
S tag -2 > Lip, Vg, > § kg, Velky,) = Ol by )
x=]

The contradiction thus obtained proves the thearem.

Cansider now such @ € L for which tie sum of fractional parts ag® is
nearer to the mean value 5.

Theorem 2. Let &{P) be any positive function which tends to infinity arbi-
srarily slowly when P — w. Then there exists an @ € L such that

£ P
E fag*i-£ - 0la)y an
x=1 =

* Here, and from now on, we can assume without loss of generality thar PeelP) » =
monozenically, the tendeacy of (P} ro zero will also be assumed monotonic.
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and for every a € L it is impossible to replace this estimate by O(I).
Proof. To construct @ satisfying the conditions of the theorem, we use the
systems p,:{r;] introduced in Chapter [ (see (15)°), Choose

w=0,0 (gh-. oy (Do (@) -0 oo (@)oo (@) Popy () - .. (18)
¢ (1) 4 (2) b (n)

The digits of P,.:f’f} are understood here to be the corresponding digits in the de-
composition of 4 to the base g. The adjacent p!(g) are the same, and the first
n digits in p:"i,[ql are chosen to coincide with the first n digits of P,;l\‘)-
(n=1,2 ++.), Finally, ¢{n) > @ is an arbitrary monotonic integml function for which
lim {a) = . Then (cf [3], Theorem 5) the function ag® is uniformly distributed
ewoe
and, consequently, o € L.
Evaluate the sum of the first P digits in the decomposition (18). Denote by
T the number of all digits in (18) which occur on the left of the first digic of
P;_H. (g). Since every ﬂ,:(q? consists of ¢" digits, we have
n
r == grledg®. (19)
vl

n—1

Each of the digits 0, I, ««+, g = I occurs g times in the system p;{q). Conse-

quently, the sum of digits for one such system p;‘(qr) is equal o
—1 g {g=1) -1
e e i
Define k from the condition T, < P < T ;. Then
PoTur g™ iry, OcrcglhsD), 0<r <qfl
Denoting the digits in (18) by &, 3:,, +ss we obtmin
Ty Tyttt p

P k
Sa=3+ N+ I =NE i@ +rizogt 0@y
wl

=1 1 b e
#
3 8e= L5 (Thdrg*+ )+ 0 () = L5752+ 0(¢M.
i

Then, by (16)

x=l xul b

S {ag®]= ;_Lf x 5, + 0 =L+ 0%,
Choose (k) to be a sufficiently rapidly increasing function for condition
Wi/ In @ (R) > & to be satisfied. Then
YVTe@PN>P2N>4(k), WVa(P)>k &2<Zga(P).
But g% = 0{e®°), 50 thae [20]Phccom:3

: x P
Z tag"1-F-ola(P)
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and, since, by (18) a € L, the first statement of the theorem is proved.
We shall now prove that it is impossible to obtain a berter estipate than (17
In fact, suppose that for some @ € L we have
-

—
I lag*i-3- o).

Let this @ be given by decomposition
a=0,8;8; 0008 00e
Then, by (16}, we have

3
é‘ 5,-5-0w,
i.e., there exists an M soch that
;é'T ﬁ:: 8, -5 <u 22)
for all P. But it follows from o € L that the diswibution of fractional parts of ag™
in the interval (0, 1) is everywhere dense. Therefore, in decomposition (21}, there
exists a sex of N consecutive digits equal to g — I, for every integer N. Let such
a set begin with k= Py + 1. Choose N4+ 4M andlet P =Py s N, Then
P 1 Pa
L =—7 Z 5 +4M-

Pg+dM _
At

which conmadicts (22).
Therefore, (17) is the best estimate, and Theorem 2 is completely proved.
Note. The order of magnitude of the difference ‘l lag®)- ; is equal to
o

v Plinln P, for almost all a. P

In face, Khintchine [2] bas shown that 21 8, - q__}'f_ P=0(yPlnlnP) for
=

almost all @, But, by Lemma 1, for g = 1

G P
o
P agr) =5 s=+0W)
e o=
Combining these results we arrive at the above statement.
Denote by € the set of all irrational numbers in the segment (0, 1) and com-
pare the theorems for functions ax and ag®.

12, For every @ € € {and, respectively, @ € L)
P P
P P
Sz} — 5 =o(P), D (g} — - =e(P).

This estimate cannot be improved foe all a belonging to C and L, respectively.
2°. There exist & € C, and a in L, such that
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P b
S ary— =00 P), I (zg) — 5 =0 (P),
] s |

respectively, where & (P} — o arbitrarily slowly; further improvement of these
estimates is impossible.

The results 1% and 2% allow us to suppose that the main deviation of
E’i‘—f {ag® | from .’;’ is less than that of 5::‘:, iax ). However, as follows from the
above note, the contrary statement is true:

3°, For almost all @ deviation of the sum Ef::‘. fag®} from P is character-

—_— 2
ised by the function 4/ P In In P and, thus, is much greater than that of the sum

S.:;I fax] (which, by {3) and (4} is characterised by the function In P).

§3, The author has shown in [4] that if the function ag® (g 22 is an integer)
is uniformly distributed, then so the function ag®* for every integer p > I. Thus,
if for every integer m £ 0,

E orimag™*

x%} e= Mg o o (P) (23)
is true for p= I, then (23) is true for all integers p > /. Let us see whether the
sums of fractional parts possess a similar property.

Let ¢ {P) — @ arbitrarily slowly when P — m, and ler @ be constructed ac-
cotding to Theotem 2. Then Eo,r p=1 we have

L fag*<i-L - otaten. (24)

xml 2
Let us show that, differently from Weil's sums {23), in the case of the sums of
fractional parts the fact that (24) is tue for g = I does not necessarily imply thac
it is true forall p> 1.

Theorem 3. Let e(P) and ¢(P) be any positive functions tending, respective-
ly, to zero or to infinity as P — o, then there exists an a € L such that

P P
P P
2 fugx) — =0 (@(P) & I lag™} — 5 =Q(Pe(P)).
ol = e | B2
Proof. Let integers k; < kp < +++ satisfy the conditions

2 =
Blhy V>R, ey mky, g+ kg g Velky, ), ky=2 (25)

and lec @’ =0, By «++ 8 +++ be constructed according to Theorem 2. Choose
.1':0,3,52--- 3& +s+ where

5, forky, <k<hy,
Gy= O for even k in the interval (kg ;. by )
g=1 forodd k in the interval (ky ;. k5 )-

It follows from Lemma 2 that the function 2™ is uniformly diswibuted. Consider
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the sum of fractio a
§, =X lag®l
Gt

ition ko, _p < FP<k and consider first the case

e+l
P kgt

k2a—1 P
(el + 2 {og%)
= = —2 wemkpy gt
On applying Lemma 1 wich =1, and on using definition of §,, we obtain

1 I

] g
8, = 0 (kzy2) + LR i 2 By =
LN (kzsz} + - i ol q R ]

£
Fad—g

Y281 4 O (kas2)-
Again, by Lemma 1

2; {e'q) — 2. (= ;1+——;3‘—’+v:k«4_z}——

—_k
Bt ot (kaer) + gt 4 O (k).
Bur, by (25), &y, o= alé(fﬁzs_rn, so that
S; =L a0l N=F+p@PNT Uy, <Pk
Next, let P > ks, .

e
.\pmytzsno the first sum on the gb thand s

B b S‘ 3. 4 0 (5 (kaa))=
g—1 Eaad —'.-| *

Z 1+ 2.:;1-
xal hezy

ide

2‘

2

—i Z‘,rmm El wg%) + o (g (k) = = 40 (0 (P).
Combining this 1 t with {26] brin
}-< fag™i- =olq\5(?‘.l)

for all P. S
25 =1 =
To prove the second propo of the theorem, take ') = [_-.i— |, J"2 =
ks
Py=|52] - 1 and estimace the sum

* The function $(P) can always be considered monotonic.
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MOMOLLbIO MOJTYYMIT HEYYHLIAEMbBIE  woiomimss’
8y - Z{-e Y+ §+l{uq==i=
OLIEHKU B BOMPOCE O CyMMaX ol B, 3 sl

=+ = 1\’

LPOOHBIX [0JIeN NMOKa3aTesIbHbIX B ;::“““'{;"‘f‘_j]:"‘fl‘;' s Tiommesy

o eyl vl
There fore, »
PYyHKUNA. B O Lo LT
—5 + 1 ‘{p Py) + O (kzey & (kae))-
Using the defin mono[k .. we obtain, for suffic: ¢ large s,
&
Sy—iF o et +0[kz.— (R2a—1)) >
> Kz, V (kza—a) =Q (Pye(Py),

which contradicts the ]}'p thesis (27).

N. M. Korobov studied normal g —

arises: do such o € .L !s , for all integers p > 1

periodical systems in detail. s s

nswer is given in the { llovu ng theorem.

Theorem 4. Let ¢(P] be any function, which tends to infinity arbirarily

USing these SyStemS he got the slowly as P — . Then H);eexistaanﬂﬁ. uch that, for all p> 1

X fagh=)-£ - otsPy. @8
=1
Proof. Take

unimprovable estimates solving M emonn e

v $@ ¢ (n)
where ¢¥(k) is a monotonic function satisfying Wi/ In ${k)) > &k r are che seus

problems with sums of fractional

A AU A L e A --.-.'--i--::r;- £

units of exponential functions. — TS
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and p_ denotes r}l; without the first digit. By repeating the reasoning of Theorem
5 from [] it can be easily proved that o € L.
To estimate the sum (28) we apply Lemma 1:
P 1 w ¥
= Hx) — W) gu— 1 - 2
Sa= (=g} = o 3104 B Buxrr + O (1) (29)
sl wani =i
Denote by t, the number of digits in LA Clearly,
to=lntg s Datslatg® =N at=20n? "
Further, ler T denote the number of digits in the decomposition of o which are

on the left from the first digit of rp ;. then
k
Ty= X 20107 gl
ne=
Take k satisfying T, <pP < T, , then

pP =T, e 2N+ 2 g8 LR

30
OcN<plkal), 0<R<2ka D12k, e

Ler v be any integer from the interval | < v < g, and let g < n. Underline in
o the v th, v + g th, v + 2p th, »++, ete. digits (following in arithmetical pro-
gression with difference p). Consider the sum of underlined digits. Firse, consider
the set of digits
T Ty pi e
B g s

The number of digits in every set Prceessfn is a multiple of g, and conse -

'
quently, in the second set the firse umicr?::ncd digit is » 4+ I st, etc. until (before
v + [ st set) the zero, dividing the sets, is undeclined. In the v + I st sec the pch
digit is underlined, then p— I st, etc., until the » + I st in the last ser,

Therefore, the set of all underlined digits coincides with the set of all digits
contained in p, -+ p. 0. Since the sum of the digits in p, is ¢" r"-'z'- it follows
that the sum of the underlined digits in (31) is equal to

Lprgntg-1. (32

The first half of r, contains ':[LTP .:.els {31} and, consequenty, the sum of digits in

the first half is equal o
Lo g
] (g %
Next, consider the set of digits
ReERg i g
e S

«_‘__\_-:__:2;!/‘_ *
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In the firsc E,‘ the first underlined digit is the v, in the second it is » +1 s,
etc., until the v = I st in the last. Clearly, the sum of the underlined digits coin-

cides with the sum of digits of the set PaPh-+-Pn  We shall use only those sys-

n
tems pr: which begin with zero. Then the digit omitted in E" is zero, and thus the
sum of the digits in FH pr: ane pj; coincides with (32). Therefore, the sums of the
underlined digits in the first and in the second halves of r, are equal, and the toml
sum of underlined digits is equal o
,l.*’z‘?"’ﬂ- n.

Consider the inner sum of (29)
P

)E,n Bpiv = L;'r‘(ﬂ-’:’q”'—"'iﬂ'.' et kPR +

s et DM N L OR).

On applying {30) we obtain

H
£ 5 -l ey ow,

xml g
1 g=1 & Mo s 3
sl‘uqﬂ_f‘-_‘ﬂ F E}q r{’?(fﬂ}_j + OLR).
But uP 2 T) 2 2k g% (k) and Yr(k) < P for sufficiently large k.
Also, similasly to Theatem 2, we have e < G{P).
Therefore,
R<2(e+ 12g% o ole®®) = ol (PN
and, by (34) we have
P
S fagh | -L aola®) u=1,2,...). (35)
z=1 e
Consider now such @ € L for which the sum of fractional parts §fag™ | is dis-
tant from the mean value 5 . By Theorem 1, if ¢ () is any positive function which
tends arbitrarily slowly to zero when P —s o, then there exists an @ € L such
that, for p= 1
P g P
S,I fagh* -5 = 0P (P
e 2
1f this equality is true for p =1, does it still hold for all p > 1? A negative ans-
wer is given in the following
Theorem 5. Let & (P) — @ arbitrarily slowly, and let €(P) — 0 when P — o,

Then there exists @ € L such that

L * i 3
S ng) — 4 =R (P (P) @ 3 (0™} — L —oe (P
zowl .

Proof. Let (35) be wue for a'= 0, 5; .. 5_.: (z' € L), Take integers
ky kg <eve sarisfying
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OLleHKVI B Bonpoce O CyMMaX and where, for k in the interval kg, kyo ) 8 = By

By Lemma 2, & € J",‘.

OPOOHbIX O0/1en NMoKa3aTesbHbIX
o St~ 3 )t 3 bt ,,—l—lt_hgi
PYHKLNW. = N "

e+ O(1)=
4

k —t A
P 1
=0+ JEFI+— F =
=l wmhg g1

ka
ka ea]
=g b 3 Betole (haea))

N. M. Korobov studied normal R
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Using these systems he got the
unimprovable estimates solving
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which gives the first proposition of the theorem:
W

UnItS Of exponent|a| funct|ons gt{w‘}——}f?=ﬂ(k‘ﬁz{km}i

(£ = k).
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artitionin g in (36} the interval of summarion, and applying Lemma 1 with p=2,

we obmin

oueHKWM B BOrMnpoce o CyMMax S==§j“’r‘z’}*-—(v 3 st 3 )+
+ =i (g =%»+;82‘+ i ,3‘; jh 2)+0 ().

Split each of the two last sums into a sum of four terms, then

OPOOHbLIX A01en NoKa3aTesIbHbIX
¢)yHKL',V“7|. sg:ou’,n =:§;+ a2+ {qtzq-snpzq-z}f’;&-

%0, P-P Fz P-P
= I (a2 1 0P) = 4 old () « 2 + O,

Therefore, for "(2 -1 = <2P< 2 kg,
P
3 lag™ - i ui!‘) ald (P =L+ olatP).
el

Next, let 2 > ky_: denote ]1

N. M. Korobov studied normal S Fer F<Z $ ) rom
periodical systems in detalil.

Sttt = Z2 40 :qrcpn+§;| g2 — 3 (g} =
1

x—l

Using these systems he got the o oo+ +obon—F 5 +o(s(5)

Hence, always

unimprovable estimates solving |

which completes the proof of the theotem,
As before the question arises: Does such an @ € L exist for which

problems with sums of fractional

for all integers ;.1>1‘ wh (P} tends, arbitmarily slowly, to zero when P in-
ases indefinitely? It r diffic o prove that @, conswucted in Theorem 1,

units of exponential functions. e
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Theorem 6. Let «(P) be any positive function such that e(P) =0 as P—
then there exists an o € L such that for all integers p 2 1
P
T lag®*i-£ < atP. (P
w=] 2
Proof. Choose a according to Theorem 1.

Suppose that for some @ 2 1 we have

4 P
3 tag**)-£ -0,

Denote P‘.—[;L‘:l_!-] and f'.}-[%-l—f.ny Lemma 1,

Py ) Py 1 v‘ i Fs -
TZ_'l{WM‘ o gl{“qu: e '_Z_I.“T’ E Buetw + O (1) =

sy
By P 4 L= Lep, — BY S g
= D14 O (Py-e (P)) 4 qp_im, P,}g}‘m

from which

Fa
T fagr) — B = P L O(Pys (P) =
e

Kot VD) — :
— S PRt 4 O (ke (b)) > 5 ke VT ar) = R (Pae (Po)- (38)

Bur (38) conwadicts the bypothesis. The theorem is proved.
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recurrent functions. He got the unimprovable estimates for
such sums and used these estimates for research into distribution
of non-residues and primitive roots in recurrent sequences.
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MATEMATHKA
M. M. KOPOEORB
HEVAYYILAEMBIE OUEHKH TPHITOHOMETPHUYECKHX CYMM
C NOKAZATEJIbHBIMH ®YHKLUHAMM

(Tpedemasteno axadevaunos F. M, Bunorpadossae & 1 1953)

B paGote (') muow OHA yKazad KAACC BEAHYHH %, A0A KOTOPHX CyMML!
P

(m1 == 0, uenoe) (1)

HMET OueHkYy, GAHSKYH ® sCpegHedts:
o eV E (e =c(m)}*

Bonpoc 0 BOSMOMHOCTH YJAYHIISHWR STOH OUEHKH A8 KAKOro-Iuéo o
OCTARGACH OTKPHITHM.

Hie BLIBOAATCA HOBBIE OUeHKH cyms sdma (1) noaysamommecs
PEBYABTATE HH LMH KAKOTO & Y3KE HE MOTYT OLITh CYIECTEEHHO YAy ULIeHbL

Jlemsma L [Tyemes geawe m =1 u g =1 azausmao npocmu, a0
{modm) w < Kpomae NOKAIAMENN, KOMOpOMy npuradiescuam  § ne
smodyaw m. Tozda dag scaroio yedozo Nz — 1 Gydem

Nemz  Goi aq
) e algr—3¥ =0, (2}
FrTEE

HAoxazateascreo. Corfacko ONPEAEACRMIO = JLAA BCAKOTO 1en0-
ro k=0

g*=1 (mod m)
CymMMuposasne no & aaer
g —1
a —1
gr=1+ x(g*—1) (modm (g=— 1))

Henoasayem noayuennoe CPABHEHHE A48 BEHYHCACHHA CYMMI (2):

=x (modm) ([(x=0)

Mo i o0 + ot g EE I
T __ 43 . -] i '
e M- B, 1)
o N 41 Iy -]y )
NAn g L e (g — 1) -— +3

R T P S !
- E )_: e e g” -
gl 0

a
wm (gt —1)
* B pac i Gall =1 e -anB0 WIME ;

) paccuaTpRBagTea cavaail moe=1; Ge3 KaKnx-a8 naMe i METOADS Peayabe
TAT PACOPOCTRANRETCA HA CAYUAl NpOHIBOABHOTD mwet0 (¢ coorpeTcTBYKNEel aamench ¢
Wa c imj}.

a7
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BuyTpenuas Cymma B NOCAeAHEM PaBeHCTBE OOPEIIAETCR B HYAL LAA
BCEX BHAMEeHHR Xy, 4eM JEMMa QoKa3aHa.

Mycrs my>1 1 ¢ > vpaausuo npocte. OnpeneanM BeARYHHE F,
PEKYPPEHTHEM COOTHOLIEHHEM

My =g —1) (r=1,2...),

rae <l %<l ... — DPOHEBOALHLIE HHCES, KPAaTHLE MOKABATENAM, KOTO-
PHM § NPEHALRENKET, COOTBETCTBEHHO, 0O MOAYAAM My, Ma... [lycTs,
Aanee, MACAA My, Mg ... ONPELEACHB COOTHOIMEHREM Myyy == My -+ Moy (),
Mme=0, rae (v - IPOH3B0ABHAA  BOZPACTROWAR  UENOYHCAEHHAR
yuxuna. Torna cnpaseannsa CRenyOman Aemma:

Jlemma 2, few scwwozo s, sadanuozo padou

u seaxoo Pous uumepsaaq ngpes P <y, SHAOAHSEMCR ONEHKQ

P
o= .

2 & T =0(mze)  (m 0, ueaoe)

Xl
Hoxesareascreo [lpexcrasum F 8 suae
Pe=ipp+rmgme+ 1y 0Sr<<o(k) 0<<ry < mye
Pasobbem cymmy (5) ma wacrtu:

P 1 Wi Hybrmpy

21 gt 2 2 genimagt | 2 AL O ().
e R o | s A1
i L3
Beegem ofosHaueHna:

bif) ann 1l i<k —1,

r AnAn fe=f;

Toraa pasencrso (6) npumer Bum:

5
(S =2 5+ O (mn). ()

famy

Ouenum  cymmu 5. CornacHo ONpefesemmi, fyeg =My H My =
= mi, (g™ — 1)==0 (mod m,), coeaoBaTeasuo,

% E 1 f 1 rIf { 1
o= —— O - ——— T
— o Aty 4o q"0+ 1/ Mgt T

Jlerko Bugetk, uto (ay my) = 1, Heficteureanno,

a 5y { @y (g7 —1) g™

g™ g1 TP Mg @

=iy (g7t — 1) gm—"-1 + 1=1 (modm).




Kopo6oB BrnepBble pacCMOTpe -
TPUrOHOMETPUYECKne CyMMbI C )
nokKasatesibHbIMU (PYHKLNAMMU e E o€ )

UTCHAA CABAYET, 4TO

N nosiyydmna rnoJjiHoe ormmcaHme CymMmm s= 3 et o).

Ta KO I—O B M lula ame=0 (modmy), W B cuay aemmer 1, moayuuM gam & > i (m):
]

rpmypEy

Hu" 3 4 s
Teopema. Kaxosa Obl HUu ObiAQ @yuryust ¢ (F), kaxk y2o00Ho meo-
ACHHO cmpemauasca K Oecxoneinocmu, npu 00cmamo4no Oblcmpos
pocme seaudun n, (onpedessiemor HepagerHcmsom (8)) 0ag 8cakoz20 a,
v &)

1
Kol sadannozo paoom a= Z oo™ Oydem cnpasedsusa oyenka
v=)

v+ 19
researd B "
with e D) exmima* =0 (¢ (P)) (m 0, yesoe).

X==]

ot th
9 eI Hu ors kaxozo o amy oyeHnky weavss yaywwums do O (1).

et e )
my g™t — 1) g™ S

i
p

2 et = O (my).

e

B cuay ycaosus (8) mymy < % © (ny) == @ (@ (P}), uem noxe33aHO MEpBOE

yTeepxaenne Teopemul. JJonycTuM, 4TO BTOPOE YTBCPHIAEHHE TEOPEMEl
Herepuo. Toraa Hafgerca o Takoe, 4TO 448 BeeX P P, npH HeKoToODOM
Mm) Gyaer

| {‘ animey® | -
>, grmimar® | o AT (m). (9
Xl
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Ha mepapenctsa (9) caenyer, uro yHEUMA og* PEBHOMEPHO pacnpe-
aerena. Ho Toraa pas scskoro geqore n >0 B §-HYHOM PasTOMEHHH
&=0, 88;. .. HaliieTcH 2n pAAOM CTOAWMX 3HAKOB, paBHEX Hyawo. [Iyers
STH 3HAKH OYAYT Sneyy - -o Syvsen Ouennano, N == N{(n)— 00 npun—» oo,

ButGepem n ==2M (1) npHTOM HACTOABKO BOABIDEM, MTODH BRINOA-
nsmics Hepasenctea N > Py u ¢" >2= (n+ 1) Torga s cuay (%)

N+n ] | NEa ‘ N=—1

1
W ptniert| | Z“ prmlag T E gminrt | = 9] (1)
- ] | Woml L]

2 ] =
| =
C apyroit croponst, Tak Kak Gyge=0 (x=1,2,..., 2n), moayuum
Nin | w1
B gt | | E Pl T | - (R L s > n.

|=w [#= | g

Orcioaa cheayer nepasescroo n< 2M (1), nporusopeuaiiee BmGopy n,
YEM TEOPEMA TOKAZAHA NOJTHOCTHID.

Jamevanne Ha jgemmul 2, MeMay mpounM, CABAYET, 4TO RCRKOE
@, safnanHoe panom (4}, NpH YCAOBHH M.T. = 0 (1) ABAAETCA HOPMAALHEIM
yncAoM B cMeicae Bopeas.

JehcrerTeasito, ykaanHoe YCaosHe obecHedHBpaeT paBHOMEpPHOCTE
pacnpeneneHus QyHKUHK =¥, 4TO, OHEBHAHO, SKEHBAJTENTHO HOPMaab-
HOCTH YHCAZ & (9T8 IKBHHAAGHTHOCTH C/ASAYET, HANPHMEP, 3 AeMMb,
nomemennod Bo 2-i raase moei padoret (%))

MocTynuan
5 171953

HHTHPOBAHHAA JIHTEPATYPA

'H. M. Kopobos, Tp. Mavewm. me-ra um. B. A, Crexaosa, 38, 57 (1851).
*H. M. KopoGon, Hss. AH CCCP, cep. matew., 14, 215 (1950).




Nm Bblna nosy4eHa TakXe OLeHKa CYMMbl XapaKTepos,
paclumpstowas ob6nactb HETPUBUAILHOCTU OLLIEHOK Xacce-Benns.
JTa OoLeHKa NoKa3blBaeT, YTO UMeeTCa NHTepdepeHUnda aons
HyJien JiokasbHON A3eTa-pYyHKUMKN PuMaHa KpUBowW

y = f(x) (modp),

roe p - npocrtoe, a f(x) - NOJINHOM HEYETHOW CTEMEHN.

He got the estimate of sum of characters, which extended the
field of specificity of Hasse-Weyl estimates. This estimate shows
the interference for zeros of local riemannian zeta function of

y =f(x) (modp),

p Is prime number, f(x) is uneven degree polynomial.




Hukonaem Muxamnnosmyem Obin
npenJsio>KeH HoBbIN noaxon Ans
YCUNEeHNS OLEeHOK KJ1aCCH4YeCKUX
CyMM Benns.

The new approach for
improving of estimates of classical
Weyl sums was offered by Nikolay
Mikhailovich.
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MATEMATHKA

OGosnasiy Hepes 5 cyumy

Teopema 1. Cywecmsyrom abcosomuvie Koucmawmoet C u o maxue,
1

umo daa P =q" Ha unmepsare 1 <_r<n - 1 eoitioansemecs oyeHka

T o ar (n41 —-_r}r
improv ISl<ef =
ede | =In —=",
Weyl n+1—r
Mikhailovich.

H  OAHOBPCMEHNO HA 3HAUYMHTE

A YAYHIMHTE  SOONHACIOMMA  MIOMHTe by P70 E no Be AHYHHE
ek (3) Aam n, pacTyiux Bmecre ¢ F, noaywaerca
Aon U =

LMl npocTodt ge-




Hukonaem Munxamnosmyem 6bin
NPeAnioXkeH HOBLIN MOAXOA AN cemrs s e T o o
YCUNEeHNS OLEeHOK KJ1aCCH4YeCKUX —
cymMMm Beuns. R e i

Ti opeMa 'i J’Umr.l "nor, .{e T, q u I’ m thie r;riors ASTLBOPRIOUILE WCA0-
GURM

1
lLrgn sl a4 2k --.5_'--"' = P eh‘.'(""-\'

o V-7

Toeda cywecmeyfem abooAmMKaR  KOKCIMGANNIE ¢ maxaf, wmo das sucaa
N (P) perenuid cucmems cpasHesui

-

Teopema 2. Kaxoso 6ot Hu 6bla0 ukcuposarnoe e >0, cyujecmeyrom
1

TH rorcmanma « = o (¢) u abcoaomuasn xoncmawma C maxue, 4mo 0an P =q "

-

HQ UHmMepéase en <" r<_ N — SN GLIAOAHACICA OYEHKA

e

improv ,
Weyl 1SS CP

R " N WHO
GONLIUKX SHAYCHHAX < VTHERHALHHE TEOPEME 3 VHE NeNb3A CYULLCTBCHHO

M - kI . | - | YCHAHTD.
I a I OV I C L] Maremamiecknil macTHTyT Wwa. B, A, Crexnopa IMocTynwno
a7 V1 1857

Axageaer wayx CCCP

OHTHPOBAHHAN JHTEPATYPA

M. M. Bunorpaacs His AH COCP, cep. matess,, 14, 198 (1950). *Xya Jlo-
reu, Tp, Marem, mlr me. B. A, Crenosa \I ooce, 22,16 (1947).
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T Lfoschell
B aToM flokaaje gaeTcd KpaTKMil o6aop peaynbTaroB, NOJIyYEHHHX 3a NOcCHegHHe |0 cr
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Mikhailovich.

H. M. Kopoboe (Mocksa)
OLEHKH CYMM BERJA H UX NPHJIOMEHIA
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Hukonaem Muxamnosm4yem 0Obin N
npenJsio>KeH HoBbIN noaxon Ans B . I Bak 1) s ks = 11

isini<p <r< m

YCnineHmda oOueHOK KJ1aCCUHYeCKNxX w woers Symnen 1

Tak wux cremenn noaumoma Af wa eAWEENY MK cTofenw f, TO NoeTe A-KPAT-
HOrO NOBTOPEHER UPOUEStH N0 MITCH TPUMGHUMBTPRYECKAE CYMMI REPUOR cToueEN,
ome OTOPWX Yo He 1

(54 ;
MM Be"”ﬂ Bu ectnin Goaee ToVRLIE peayasTat AN MHOTONNEHOR CHeHAJLROro saga G
[] noenyyen 8 1932 ro Mopgenson [2]

(k]

3aecs g W= NPOCTOR I @y, ..., Gy — HETae, obmail spatoonmefl fenETeNs KOTODME
¥ 1 L]

Be KpateR g. losasatense A 308 W0 OCHORBHD 1A ROIMOMEOCTE Opu ke

HOAYUNTE TORHYE) OLEH BEPXY AR HUCaa pemienmil oBcTeMi cpaBmesmnil

3 T PRI o T —
: {mod g).
o A= e gl

Hecknnbeo senee Touwsuil, wes (1°), wo sato, wak m B eayuse (1), npeaesanso of-
wimil peayasTat Gead- noayues n 1935 . B M, Beeorpaposwsm [3). Dpe
BTOT piyanTar B diops ITORYE ol npanan & 1930 r. uociae yoovepuescrsonanmni,

Th e n eW a p p roa C h fo r ; uuufj:t‘JF.. I. Yyaaxopuu; I0. B. Mummrros, Xyn o Ueuosw u covuu W, M. Bu

(i < r=n)

improving of estimates of classical ..., ..o
Weyl sums was offered by Nikolay |
Mikhailovich. et oo o S S

OTUGLHOLER

b GCHMOTOTUNOCKE TONBLE OIEAKE CBEPXY ASTH HECTd |\'f(r',, pewennil

3]
|S{NE=pP I._“":JN(:I-

B CUay OneEKn
nmd
—

einn p’ ) )

"o

e

copareganmoll npE k> cn?lnnm, rae ¢ B ey — afOONIOTHHE NONOMATEIRUES KON-
CTANTH.

Nepaiiges Tene L HOTOPMX a3 ATON, WONYUCHEWX HAWMHRGN

¢ 1957 r. K 310 3 Glaao oo, wro oueswa (2) spepcranager cofuoil ecTe-
CTHONNYI FPAHBLY PrayinTaToR, KOTOPME MOMKEO LOAYYNTE, MCAOALaya cxemy Dmno-

8 Toyaw &-ro Boecomsnofo smaresar, cweana 113
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rpanona {3) = reopemy o cpegmes (4). Mo yrousemms omemkn (2) Gmon meoGropmss
TO MAN NG OTHAGHENHA OT 3TOR CXEMU.

B 1957 r. H. M. WopoGos ([3]—[8]) smecto coormowenmAa (3] o740 NPEMEEATE
GOAGE CA0HKIO0 COOTHOLIEINS

IS0 HEg P ERTpTIRY, - PIER, 15

P ORT  WR §  (T
el

|3 1< *2% | << R P

rap f; — HexoTopMe JuRelinne KOMOURANUN Besmunm A, W .\'f:’n (5.1. v ey b} —umoan
POUISHER CHCTOMIE YPUBMOLER
4 o=+ ...+ iy
. 2 = = =<z y= P
4 e i mpr o U

Coorromenne (3) noaywasrea nyved ofwumoro JoNoARMTANLROTS CYMMEDOBAERA

P | P
‘2__.:‘ tmifim | Pl-l EI ;—;' Wlztel | L Py
© AANEHEHMEM DPEMEHEHEEM HODEBEHCTER ALAEPA W WENONBROBANEEM HOCHOBINEL
eBOficTE BETNVEE J’\-'r-"':”{f-\l. o 'r.-} [Modnayace cooTRomcHReM (3) B Npasenan TeopeMy
O CPeANEM, YEETGA B HOHEWEOM cueTe |9 monyumTe onemkm

. (¥ Inn<r<n—vnlnn),
150 =

[sn < r<_nmn—zn),

rae C w y— afcomoTene nonGHETETREHS Hoscranti. Taxum ofpazom, npm oneswe
cyum Heidan omazanocs, BooMOdiuM QA8 CPRBUMETEALED MAPOKOrO KIACCA CYMM  anMe-
nats B onesxe (2) wosddaument ¢ 4y aGcoawruyo Komcranty €, a pan Gomee
T
FAHOTO KNACCA YAYUIDWTE SMEE H NOHWKAKMOE ME0maTess g0 Besnunas P R

Moasayacs cobTucmenes (5), ynaerce tawme (|6]—[8]) yrTounsrts peayaeTari
B page Jansv, CHENISUHMX © OEeEKOI cy itnn. Cwogn oTuocaTeR BOOPOC 06 OUEHKE
{14 i) m =(x)— liz, BCHMUTOTHRE CYMM

el Xginm
rew L=
B HeHOTOPED OPYIT BONPOCH.

B panwuciiues paiagounse BRPUanTE cooTecumenwa (3) fuaw meooanaonamm B opa-
Gorax M. M. Basorpagosa, A. 3. Banwdams # A. A, Hapauybiw., B sactoocts,
H. M. Basorpagos [10], [11], scuoswsyn cooTHomenne Bujn (3), podnmKacumes Upm
ABORHOM LOUOANUTENREOM ©FSEMEPOBHIE

|t | P \
oY iy gl e f {2t .
| Bl )| SN Loy
=1 o= | k=1
opogeeayaca B onenxe [ (1 4 (8) seexonwio ganume, ses oto Guwao coensne H. M. Ho
pobonwm [8], [8]. H HCTEMO, B0 HUCKOILKG Hoaxe Taxes e ouepsn §(1 4 i) e wo-
MOUTRES HEPEOHENGALHOND BOpRANTA MepasencTea (5] Guau nogyavew a H. M. Hopo-
Gomuas [12f: & (1 + £6) = & {In" f 2 )

Mepefiges ¥ BORPOCY O YUCTUYHD PATHOMLALELE TPEFONOMETPHNCCKEX CyMsax
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VAR &gy - ..y g — MPOBABOIRENE IEfCTINTEIEHEE SIHCHA, @4, -« ., 8, B §— Qedae,
ofmui manfoasmmnil peauTe I «nay g BIANMED BPOCT ¢ g B g=Pr. Jlaa
TAKNX CYMM Up# oCTOM g Z>n @ re=1 10, B. Jussues [13] nyres coverannn merons
I. Beiltna ¢ peayaptatamn A, Heftan HOAYHRI ORENKY

T

1S P

rae g — afconwThas monomuTemNaA kosctanta. [omeayach cooficToasm mesmmrum
|\"£‘_[J._, v b}, ToOpeMol © cpenmem m peaymeraTamm A, Bedaa, YAMeTON nomy.

unth |14) Go, TOUHEA peayabTaT
Ts

[ F——
ISyl p PG

Tem e nyrem, npusenns onemsz Xya Mo Teua, Opm UpOEaBoALEOM § > 0 Moo
TOIFUNTE OUMeUKY

o
IS1=p

Oeranonumen  emp Ha  ofnos nogxome ¥ oncukesm cysm Beitan, cononammos ma
HeOOIL30Bansn enemuduny kosdduiuesTos MHOrOwICHA Fiz). Paccmorpam cymsy

" mE. . foaga®

- ‘.1- ‘

rae g=p" a>>1 —meace, p > n —npoctos, W oSMER EauGONLINT KeTHTEN: IETHEY
Bye ««oy Oy B¢ WpaTew p. O nomombio anseiinoil sasednm OEpeMEEol MOMBE0 CRCCTH

OQUBHKY CymMb S B OMENKe HoBOH CYMML, CTENeR. KOTOpoit Gyper smessme n,
H. M. KopoGon, npasesnn weroy Banorpane u onenes Xya Jlo Pesa, npn g= Pr
TOSTY HEJE OUeRK Y
Ts ,f "
Yaiers - = )
|S2l=P " r(‘-l’ Inn/ (6

rae Ty —nEcn:nn‘!r A T ORI Uan HOHCTAOTa.
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Hukonaem Muxamnnosmiem ObiJ
npenJsio>KeH HoBbIN noaxon Ans

YCUJIEHUS OLLEHOK KJIaCCHYeCKUxX
CyMM Benns.

The new approach for

improving of estimates of classical

Weyl sums was offered by Nikolay
Mikhailovich.
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

Using these estimates he made
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus

O HYJAX SYHKUMH (s)
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Teopema 1. Kaxoso 0ot nu Gbiao cpurcuposantoe =(0< =< 0,5), cy-|
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dag P = qY" Ha unmepeane n -\ =< r<n-+ 11—z sunoanaemcs oyeHka
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

MATEMATHKA
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numbers distribution. |
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus

O HYJNAX e¥YHKLWH C(s)
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A

MATEMATHKA
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O .
4J1I€HA B 3aKOHE pacnpegeneHus AT 3 G T K Tt e Toma
NPOCTbIX Yncen.

Teopema 4. [laa ecsxoeo puxcuposarHozo = >0 cywecmsyem HOAONCU-

MeAbHAA KOHemanma a = a(s) maxkas, 4mo npu x — 0o BbINOAHACMCS pa-
BEHCINBO

Us

gy = liz 4O e~ 5 =%,
more exact NMItS TOr Zeros or

riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.




OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

Using these estimates he made
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.
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DTU OLLEHKV MO3BOJIUAN EMY
CYLLLECTBEHHO YTOYHUTb FPpaHuLy A
Hyneun A3eta-pyHKummn PuMmaHa

H. M. KOPDBOBE

M yCMJ-I MTb OLIleHKy OCTaTOLIHOro HOBBIE TEOPETHEKOYHCNOBBIE OLLEHKH

{Mpedomrasns avadesaromn H. M. Buaoepadosses 25 X 195

HJ1€Ha B 3aKOHE pacripeAeeHn acd ST S "";f..:i’;f.._ Qe
NpocTH Teopema 1. Ecau 0aa xakoeo-Hubyoe uUKCUPOSAHHO20 & U3 UHMEpPEAAa
0<C8<C0,b sotnoansiemesn ycavsue n+8Lr<<n+1—238, 2de r onpederero

pasercmeom P = |wnt,|, mo cyuwecmeyem abcomomrasn xoxcmanma C u KoH-
ctnanma o = o (8) makue, 4mo
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more e Mo T e
riemannian zeta Tunction and
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improved the estimate of o T e s o
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DTN OLLEHKW MO3BOJINNN emMy
Cy LLLeCTBEHHO yT OYHUTBL I p aHWU L',y PO o g ol 1 0y '.-_'.L.i,'i.‘.::”‘ SRR R

2= | = o (n3vey, (4)

Teopema 1 nactomueii patGovs npusonnr aa8 [} & yoaoswo

Hysen p3eta-pyHKunmu PumaHa

MTO O3BOAACT YAYMIHTL BCE T¢ TCOPeTHKOUHCAOBLIC OHCHKEH, B KOTOpLX
Palee CYMPCTRENND . BCTOALI0OBAAOCE VOTDEHE (4). Tax. HANPHMep, B padore 'flj;l

N YCnJinTb oOUEHKY OCTAaTO4HYHOI O

" J#HO COOTBETCT I 1 (s AT SO

Y/1eHa B 3aKOHe pacnpenesieHns : R
NnpocTh '

T'veda -
8CAK0e0 urcuposanrozo = - ) N

-

(5)
=

5, o) = Bt 0a (napi)
U l nsx
S | . . h
Z‘} ”Lf) = sx—<lax 4 O ({In x}irte).
more e o
nbie B j“l.l"i!'-'l"\l‘.x H. I'. Hypakosa, A. 3. Baawmua o B pane Apyrax r_m"-n:-

u L . (es. (7)), JloxazateancTno Teopesm 2—4 B COCHOBHOM COBRAJAACT © JOKa3a-
rl e m a n n I a n Zeta fu n Ctl O n a n d e oM JIOFHINBEX Teopes B paGotax (%,°) ¢ saMenoil B COOTRETCTIYIOULHX
MECTA? MOMETPHYECKHUX cysM, nprpofgmunx gaas 0 (n) K yvoaosmo
(4), annbivit B Teopeme .
"\ E

)
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iImproved the estimate of e B ML AR
remainder term in law of prime o o
numbers distribution.
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OTUN OLEHKWN NMO3BONINAN eMy
CYLLECTBEHHO YTOYHUTb FPaHULLy im.(.[-..‘-.‘i.'f.“‘..’-,ﬂ';!"f-'-.;’.‘.'.-.".':i";‘;;.'.“Hf-‘.,’.}f:.:;?.";!;iI.'\. e e

Teopema 1 nactomueii patGovs npusonnr aa8 [} & yoaoswo

Hyneun A3eta-pyHKummn PuMmaHa

MTO O3BOAACT YAYMIHTL BCE T¢ TCOPeTHKOUHCAOBLIC OHCHKEH, B KOTOpLX
panee cyulecTReNe nenoabzosanock venosre (1), Tak. manpusep, o patore ()
Cakan _'.'lii'\:i}l“!.l OILCnKI

N YCnJinTb oOUEHKY OCTAaTO4HYHOI O (14 it) = O/fin £

={x) — lix = O {(xg— (' 5hi—s)

W IEHO COOTEETCTBYIOUIEE  VTOMNCHHC FPaiiii  RefcTEITeALHOR  SacTh 1iv.aei

L I J-I e H a aaera-pyikmm. CrpaBeanss TAKHE CASIYILNG YTREPHICHIT

nDOCT Teopema 3. Hycmo a;;j = a;; — yeavte wucaa t A(X)—4ucio yeastx
P HOYER, ACNCQUUX BHYMPU IAAUNCOUOA

4

E a!'i.x‘f.t; ‘-:';‘;; -1:..
i, ]=1
Usi Toeda Oas 6cakoeo ¢urcuposantozo ¢ > ()

A(x) = jr% X2 4 O (x {In x}l+e),

more e

riemanl ede D — demepmunanm noroscumensiot keadpamuiroi gopmst (5).

VOAOBHID

JamerHM, qT0  Teopembl Z—4 MomHo Ge3 TPYIR HECKOABNG YTONHNTH,

M . b :
samenus B pnx {Inx}ts pupamennes snga {Inx}* {Inlnx}t ¢ 1ekoTopEM
vy o= UL AHanorugisie  VTOMHCHIA  JEFKO NoayuRioTes W B Teopemax 2—d pa-
GoTal (1.
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OTU OLLEeHKWN NO3BOJININ eMy
CyLLl, eCTBEHHO yT OYHUTb rpa HU L'.y PO o g et 0 yea
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

s BLIC HICHREW, I h"lﬂ["]ll.'\
o Taw. manpumep, B paGore (1)

U A#EHD COOTBETCTBYIOLIE:  VTOMICHI

- i "‘. o -I.:J‘-. o " . P T T T T TR TS
Teopewma 4. [Tyecmo o (n) — hysxyust Sitaepa. Toeda 0aa ecakoeo puxcu-
posantoeo & >0

Us Doln) = ;i'-l + O (x {In x}*lrte),

n<x

more exact limits for zeros of : e _
riemannian zeta function and ol S e T T
improved the estimate of ok B
remainder term in law of prime

numbers distribution.




OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

Using these estimates he made
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

Using these estimates he made
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.




OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

Using these estimates he made
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.




OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

Using these estimates he made
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.
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OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O -

OUEHKYM CY¥MM BERJA U PACIIPEAEJEHHE NPOCTLIX YMCEN

MATEMATHR A
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more e
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improved the estimate of
remainder term in law of prime
numbers distribution.
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DTN OLLEHKW MO3BOJINNN emMy
cywecCrTBeHHO YTOHYHNTDb INpaHNLY

Hynen

a3zerta-pyHkunn PuMmaHa

N YCUINTb OLEHKY OCTaTO4YHOro
YyJleHa B 3aKOHe pacnpenesieHuns

NpocTH

Usi
more e
rieman

a3

: 6 2 :
Teopema 1. ITyeme opyy == —+ -5, (@, )= 1, [0|< 1, g = P"; r npu-

q q _ b
nadaeocum unmepsaay Vnlnn<"r< n— Vnlnn. Toeda cyeemsyom adco-
Awomante: Koremanmot C u ¢ >0 rnakue, 4mo

| | 1 —_ -\"—
wrb S ey ntlnn
"gcep .

improved the estimate of
remainder term in law of prime
numbers distribution.




2TUn oueHKWM NMo3BoJinJin emMy
CYLLECTBEHHO YTOYHUTb FPaHnLy T R T e
Hyne# p3eta-pyHKunm PumaHa il i
N YCnJinTb oOUEHKY OCTAaTO4HYHOI O e ST mm——
Y4J1€Ha B 3aKOHE pacripenejieHns
npoct Hu.l%ec.?pr:? ma 2. Kaxoso Out Hu 0510 I urcu ,{JOSHHHIJL g ,‘“ U Hatdynics

aocoatomuan  Kowcmanma € w Komcmanma 7= (s) makue, 4mo npu
= < r < — &N BHNOIHACINCA OLCHKA

L J”‘
Us 3.
more e L=

riemannian zeta function and

iImproved the estimate of
remainder term in law of prime
numbers distribution. o o
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STW OLLEHKW MO3BOJINAN EMY
CYLLLECTBEHHO YTOYHUTL FpaHuLy T L e M e S
Hyneu p3eta-pyHKunn PumMmaHa sz gy
N YCUINTb OLEHKY OCTaTO4YHOro
YyJleHa B 3aKOHe pacnpeneseHuns
I'IpOCTbl Teopema 3. Ilyemes E.'S—n,rmu?au 1OHOC (PUKCUPOBAHHOC HUCAD U3 UHIIC)-

sa1a 03 <My, B<s<IED, s 1 1.<rC2s(1—8),g=P"n (8, 9)= 1.

Toeda cigecmeywm koucmanmne C = C (8) u v =y (), maxue, 4mo

P

Us i'g‘l (e
Fasd
more e |

x=1

riemankrerrr=crerorretrorrorra
improved the estimate of
remainder term in law of prime
numbers distribution.




OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus
NPOCTbIX Yncen.

v Ro== [Ms®]L rae My ou M — poctarounn Goon
. Torga, no teopeme M. M. Bunorpagos:

Teopema 4. [lpu }t|-»c0 Odas pyusyun Pumana L(s) cnpasedausa
ONEHKA

Us C(1 4 it) = O (In% | ).
more exact limits for zeros of
riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.




OTU OLLEeHKWN NO3BOJININ eMy
CYLLEeCTBEHHO YTOYHUTb rPaHnNLLy
Hynen a3eta-pyHkunn PuMaHa
N YCUINTb OLUEHKY OCTAaTO4YHOI 0O
4Y/leHa B 3aKOHe pacnpeneneHus : s
NpoCThX wucen NN oyt RN

Teopema 6. IHycme = (x)—uucio npocmslx, HE RPEBOCXCOAUUN X

Cywecmsyem koncmanma a >0, maxkas, 4mo BuNOAHACICA OUCHKA

! du i
US ™ (X) — \ T 0 (It’f—u]n Y

=

more e

riemannian zeta function and
improved the estimate of
remainder term in law of prime
numbers distribution.




OueHkKy

c(1+it)=0(n°" |t]), o
onybnnkosaHHyto H. M. KopoboBbiM
B paboTe 1958 rona, He yaanocb
YCUINTb OO0 CMX nop. dTa paboTa
oKa3aJla 6osbLIOe BANAHMNE Ha
OanbHeunllee pa3BuTHne MeToda
TPUTOHOMETPUYECKNX CYMM.

The estimate
c(1+it)=0(1n*"|t)), t — oo
published by Korobov in 1958 is not
improved until now. This publication

influenced on further development
of trigonomeric sums method.
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OnHoBpeMeHHO ¢ Hukoslaem Muxannosmn4yem KopobosbiM
nonobHble pe3ynbTaThl B paMKax NpobsemMsbl OLLEHOK CyMM
Bennsa 6ban nonyvYeHbl BEJIMKUM POCCUNCKUM MaTEMATUKOM
NBaHoM MaTBeeBn4YeM BuHorpagoBbIiM, O 4YeM FOBOpI/ITCFI BO
BriapemoHorpadpum A. Banbduiia «Welsche '
Exponentialsummen in der neueren
Zahlentheorie», onybnnkosaHHoW B bepnnHe
B 1963 ropay.

At the same time great Russian
mathematician Ivan Matveevich Vinogradov
got the similar results in the context of
estimation of Weyl sums as Korobov (see the
second chapter of A. Walfish’s monograph
«Welsche Exponentialsummen in der neueren
Zahlentheorie» published in Berlin in 1963).

. M. BuHorpanos
|. M. Vinogradov
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TpeTtunm unkn pabot HMKonas
Muxannosn4a noce4ALleH
BOMpocaM NpmnbanNXXeHHOro
BblYUCNIEHUSA KPaTHbIX
NMHTerpanos. BeeneHune
HepaBHOMEPHbIX CETOK ON4
MOCTPOEHUSA MHOMOMEpPHbIX
KBadpaTypPHbLIX (oOopMYyJi
MO3BOJINJ/IO C NMOMOLLbIO OLLEHOK
MOJIHbIX PaLMOHAaJIbHbIX
TPUTOHOMETPUYECKNX CyMM
MOTY4YNTb FrapPaHTUPOBAHHYIO
OLEHKY MorpeLwHoCcTm
NpubIN>XXeHHOoro
NHTEerpupoBaHnsa, aHaNOrN4yHyl1o
oueHke ond metona MoHTe-
Kapo.
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The third direction of Korobov’s
researches is devoted to
approximate computation of
multiple integrals. The introduction
of nonuniform meshes for
construction of many-dimensional
quadrature formulas allowed to get
the guaranteed estimate of

fallibility of approximate integration
similar to the estimate for Monte-
Carlo method by means of the
estimation of full rational
trigonometric sums.
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Coobpa)keHnsa o cpaBHEHUAX
crieumanbHOro Buaa, He
pacCMaTpPMBaABLUNXCA paHee, bblnun
MM NPUMEHEHbI K MOCTPOEHUIO
MHOroMepHbIX KBagpaTypPHbIX
popmyn. Ot dopmMybl ABAOTCSA
ONTUMaJIbHbIMWU MO NOPAAKY
OCTATOYHOr0 YJIeHa Kak ans

PYHKLIMXA Manon r1agKoCcTu, Tak U
ONd rnagkux nepunoanyeckmnx

dPYHKLNN.
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Korobov used the special
comparisons to construct many-
dimensional quadrature
formulas. Each of these formulas
has optimal order of residual
member for functions of low
smoothness and smooth periodic
functions.
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dimensional quadrature
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Korobov used the special
comparisons to construct many-
dimensional quadrature
formulas. Each of these formulas
has optimal order of residual
member for functions of low
smoothness and smooth periodic
functions.
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Korobov used the special
comparisons to construct many-
dimensional quadrature
formulas. Each of these formulas
has optimal order of residual
member for functions of low
smoothness and smooth periodic
functions.
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TeopeTnkKo-4mncsoBble
KBagpaTypHble popMybl OH
NPUMEHN K BOMNpocam
NMHTepnoNAuUnN PYyHKLNNA MHOTUX
nepemMeHHbIX N K
NPUBINIKEHHOMY peLLIeHUIo
NHTEerpasbHbIX YpaBHEHUN.

He used number-theoretic
quadrature formulas to interpolate
multivariable functions and to solve
Integral equations approximately.
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TeopeTnkKo-4mncsoBble
KBagpaTypHble popMybl OH
NPUMEHN K BOMNpocam
NMHTepnoNAuUnN PYyHKLNNA MHOTUX
nepemMeHHbIX N K
NPUBINIKEHHOMY peLLIeHUIo
NHTEerpasbHbIX YpaBHEHUN.

He used number-theoretic
quadrature formulas to interpolate
multivariable functions and to solve
Integral equations approximately.

Dorananwm Arkapemun mnays CCCP
1859, Tom 128, N 2

MATEMATHKA
H. M. KOPOEOB
O NPUBJIHXEHHOM PEILIEHHH HHTErPAJIbLHBIX ¥YPABHEHHH
( Mpedemassens oxadesuxon C. S, Coboscams 18 V 1959)

Myere =>1, m=max(l, m|), s=1 u E.(#)—xnacc pyrxuni
Xg), OMpeAeNeHHBE YCAOBHAMNE
o
Fixg, oo, %)= >_1 Cm, ity @AMk ki)
Wil oo T g — Oy
) =0 (M. . . m)~%),
rae KOHCTANTa B 3Hake () MOMET B3aPHCOETL OT & H 5.

B nacTostiem cooGMennH JaeTed NPHI0MERHE TEOPETHR O iHCADBRIY METOOR,
pasenTHX B paGotax (1, %), K BOOpoCY O APUOIIREHHOM PeIIeRHH KPaTibx
HHTETpaaLtEX ypasxwenril Ppearoasma 2-ro poia

1

1
PRy i Xa) = k-E---SK(x‘.---, EaBie - B et oo m) doy - ody, -+

o

T e e v o2 (2)
Byiaem mnpeanonarate, YTO CcBOGOAMME YA€H M AAPG STOMO  YPaBHEHHR
WAT, COOTBETCTBEHHO, KJhaaccam FE,(z) 0 E.(2) » uro anameHares

sa D (k) oTawyen oT myaa.
1. Ecau cpgusyuu Fo(xy, .0, x) 18 Falxg, ..., %5) npunadaexcam
MO WX CHAMMO N NPOUSSEOCHIE MIKXCE N PUNGOACRCANT antomy

KAaocy.

Noxazateascrso. Tyers Fa(x, ... X)) =F X eoes Xa) FalXyy. -y X5}
nC;(my, .« ., M) — KozdPuunenTH Pypue Gyrroas Fi(x,, .., o) (= 1,2,3).
Henocpencteenno nepemuodas paast Gyphe, noayyim

o=

Ca(Miy, ooy M) = iy, .o, n) Colmy —ng, - - -

3] - S —
= r;{ [ny. .. ng{m, ——n,'r-:'m;—n,}h_“_‘] .

Al g =ty

II{.‘|‘-{'I'IH[:IE‘M HT0 COOTHOINEMHE B BHAS
o

Calmiy, - - -, mg) = Oz (my). .. a(my)), tae s(ml= 2 la(m—n] "
r——n
PasGueaa mHTepBan cyMMupoBanua Ha vactn |nl<<|m|/2 u |n|Z=
moAVHEHM  oueKy e(m) = O(m %). Caemopareatno, Cslmy, .
O (. o . m)™2), MeM JOKASaHO BTOPOE YTRCPHIIEHHE JCMMEL.
MMepeoe yTRepHNCHME JeMMbl OYEBHANO, TaK Kak
Colmy, ooy )+ Colmy,on ., i) =0 ((my- oo )%
Jdesmmal. Duemee (X, ..., X)—pewenue ypacenus (2). Ecau f(xy, ... 2:)E
EE(x) uw K{xiy-. .\ Xy Yo+ -0 8IEEpda), mo glxy, ..., 5)€EE(z).
o
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NMPUMEeHUN K Bornpocam

multiv

Integri

o(P)=1 | K(P, Q¢ (Q)dQ +f (P).

GS

N
M) = N KM, MATM)+[(Mpy  (i=1,2,...,N),
(w1

Teopema 1. Hycme o (P)— pewenue ypasnenus (2'). 3adadum mouru
. s
M; = M5 (i), . ., & (i)] pasercmeanu & (i) = {%} £, (i) = {ip-} .

= {‘T;_} *. Toeda
o (M) = (M) + 0 (V—}) (i=1,2...,N)

ede seauqunst o (M;) ydosaremasopsitom cucmeme N aunelinvix areedpauvecKux
ypasterul suoa (3).
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KBagpaTypHble q) OPMY /bl OH i"?‘fl“??fﬁ ”n’i"“Z'iff;e"g?"féﬂm?'.”.'“_.‘ S g b P

nemmod 1, n pyHEWHN F gy, oo g ) = K (2 o0 g9 (0 - - 0 1) monysnm
F (11, --.y,,}=-r(_r v (E e B € Es)

rlpl/l MeHVIJ'I K BonpocaM Coraacio Teope z;aomuu A mﬁontb}rlhuml!((g}_llf(u e )
MHTEPNoAALUN PYHKLMIA MHOFUX

nprHAANeKAWEe Kaaccy Ey(x), npu M, = l'T(r I ILL'-'I' CApaseIHBo
PaBEHCTRO :

| FadQ = 3 F oMo 4 ”['l-lx-\l‘ )
[ i £

fielpE 2(P)=1 | K(P, Q9 (QdQ+f (P). ()
npunbn s
UHTEer @ (M) —--w—zl‘{{hﬂ,,;v}[) M)+ T(Mp) (i=1,2...,N), (3

=]

Teopema 2. [yems ¢ (P)— pewenue ypasuenus (2°). Toeda npu

ia,

Hd M:.=M ({%i}, . sy {-pi}) cnpasedauso pPaseHcmeo

quadrz:
multiv
Integr:

¢(P)= %4 ZK(P Mo (M) + f (P) + O (N In*N),

ede seauduHbL cp(M) y@oeﬁemso,nﬂmm cucmeme ypaemmuu (3).

F
TEABCTBO. I'E},c:'rL.L{'Mikl.lis‘: F{Q] l| HHaLIeENT Kaaccy £, (a).
Torr Nd, NJb3YACH OUEHKaMm patorst (7). nosayusse
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ﬂepeMeHHbIX N K

. »
"3 F(Q)diQ = ;_ > F (M) 4+ O (N~ In™N). (4")
Gy =1

Orcona npu F Q) = K (P, Q)w(Q) creayver, wro s pasencree (3) MoKpo
mogownTs & (N) = N""In""N. Hajee, nNosTopss paccymueHHs, NpHBEleHHLE
B 3aMEUAHHH, NOAYYREM YTBERIKIEHHE TEopeMsl.

Jamerum, uro B pascuctee (4), a coegosarensko, W B Teopesme 2 coxpa-

unTen ouenxa muaa O (N2 In" N), ecan mmecto (6) suGpars

Hiz coov ) = 2(1-3'”]5 U { }

A
fyers ann  Kospduuentos '-"D\,-pbg__ Axpa  yvpasuenda (2) sBunoannercs
ouenka | C{my, ..., my) | < C(my. .. ma) .
Onpexennm [ =InC 4 4s (a + ln
CAEAVIOILAA Teopema, NP HeCYIECTBeHHOM Mo t;}ahu HHIO ¢ Teopemod 1
HAMCHEHWH NOPAAKa OUEHOK MOMWHO A MafLlX SHAYeHHA b BuOHcaaTs @ (P)
Ge3 Mepexona K CHCTCME JHCIHMX vpasHeHuid.

PABCHCTROM T‘J ) Kax noraswmeaer

i 1
Teopema 3. Kakoso 6ot Hu Geiao >0, npu |N| <e & G ?-E)cnpaee{?-

Aled pAaseHcrmeo

¢(P)=F(P)+

N n
AN WK (P, My,). . . K(M

i=1v=1

s (v—1)41 ;5
S =),
P P

ede M, ; — M({

v—1, I

M, o) (M) 40 (N5,

Buinenna
MOV M

multivariable functions and to solve
Integral equations approximately.

PPy =[(P) 4+ l},; WK (P, My D). - KMoy oy M) FOML D -+

it
¢ i )
Orcrona, Tak kak (e —2e*)In NV fr < g ln N, noayuns yTeepEoeH He TeopeMbl.
Heexoakio masenns onpejenesne kaaccos E,(z) # sufop Touex M
(HanpuMep Tak, Kaxk 310 ¢AenaHo B pafore (1)), MOEHO YAVUUIHTL OUEHKN
teopes 2 3 coormercrmoino no O(NTT) m O (NTER
A Gaarogapio A. B, Brnanse, npHBASKIIErD MOS BHHMANKE K BONpoCasm
NPHGAHKEHHOND PelUCHET HHTErpadbiuX Ypasienni.
HreTHTyT M. B, A, Crexacsa MocTynaa
e wayk COCP 11V 1959
HHTHPOBAHHAH JIMTEPR '\T‘VF"\

3 6 IAH, 115, N 6, 1062 (1957). * M Kopo nAH,
L rI B K :|11r.'|1( nnu, B H K{‘u Ao, g u‘um: mm afe=
s, ra. I1,°§3, 1949, eTp. 1T 00--3.15”-" My,
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NPUMEHN K BOMNpocam
NMHTepnoNAuUnN PYyHKLNNA MHOTUX
nepemMeHHbIX N K
NPUBINIKEHHOMY peLLIeHUIo
NHTEerpasbHbIX YpaBHEHUN.

He used number-theoretic
quadrature formulas to interpolate
multivariable functions and to solve
Integral equations approximately.
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TeopeTnkKo-4mncsoBble
KBagpaTypHble popMybl OH
NPUMEHN K BOMNpocam
NMHTepnoNAuUnN PYyHKLNNA MHOTUX
nepemMeHHbIX N K
NPUBINIKEHHOMY peLLIeHUIo
NHTEerpasbHbIX YpaBHEHUN.

He used number-theoretic
quadrature formulas to interpolate
multivariable functions and to solve
Integral equations approximately.




TeopeTnkKo-4mncsoBble
KBagpaTypHble popMybl OH
NPUMEHN K BOMNpocam
NMHTepnoNAuUnN PYyHKLNNA MHOTUX
nepemMeHHbIX N K
NPUBINIKEHHOMY peLLIeHUIo
NHTEerpasbHbIX YpaBHEHUN.

He used number-theoretic
quadrature formulas to interpolate
multivariable functions and to solve
Integral equations approximately.

(3)

' - iy >

oensa (3) rpuniaasia. Tlyets
CPUTL LA CYMM

TR CYMMBL




multiv
Integri

cJoBhRhie

byiaem rosoputs, uto dyHkims

T v, %) = Eilnn .

vy M) @ VRNt )

Y
iy, L = - | 5

: . & % -[L
NpHHALIEKHT Kaacey  FE., ecnd ee Koz enty Pypre VAORACTRBOPAIOT He-
PaBCHCTBY , |

| C(rmy, ..., my)| = e .. :
| ) {.l'ﬂl S ”_Irh]” ¥ |:21|'
g | LB | ST

A f | '
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OT My

:: e 3ABHCANLAS
cw Mg "
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- e ‘-l.l *
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Cripased.neo  PaseHemeo

1 i Y
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NHTEer

He
quadrz:
multiv
Integri

[Tvets r >1 u G,— eguHuuHbld r-MepHblii Ky6. Pacemorpum Kpathoe
VpasHenne @pejnrosbMa BTOPOrO pojla

0 (P) =1 K(P, Qe (@dQ +(P). -
(J"r

bviem mnpeanosarate, 4To cBOOOAHBIA WieH W SIAPO YpPABHEHHsSI [1PHHAMIENKAT,
cootBeTCcTBeHHO, Kaaccam FE (C) u Eg, (C).

;114 npoussosbHOro & u3 unrtepBaia 0 < e .o — | onpeenuM BemHUHHE
3 W v € NOMOULBIO PAaBEHCTB

= 4o (a0 4 1) r ln(er + -‘—f——j, v = lnC+ B ('l -

o 7
[Ivers p— npocToe, VAOBIETBOPAOLLEe YCAOBKIO > 1, TJe R *[——pl

[Tvcers, panee (cMm. (8)), dynknusa T (2) onpeneneHa paBeHCTBOM

b & (g oot mZSY)
i . P 1 T 5
Ts(2) = D) —
e Rl « « fns
My P
iupH z = a jgocruraercss muuumym T,,(2). Torma cnpasefnusBa cienyrouas.
Teopema 2. Ecau Al < e 7, mo npu N =p Oas peutenus ypasHeHus

12]) antnoansemcs paseHcmeo

T (P) - HPP+12,Z YK (P, Myg) - K Moy M) (M) + 0

h=1 v=1

NI’I-—B)

: r{v—1)
2le .-"1’1\1.1; = ‘ {;EE—E-—}!', i E
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FORY+ [ F(PQy oo, )dQ, o dQa Ry

[

B 1
ot Mo ¥ F A 0 )+ "-‘{—'\'_'_

| & o
..,!r—"‘.-}'l (ke=1,2 ..., M)

srHedHA (21) smnoamaeTca PaBCHCTHO

N L]
2 2 ATKAP My s K (M M, ad FAMy, ) +

)

HUHOll TeopeMmit pabotm [9], co-
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[ TR IO
[E1]. Tlpastenss

S pEb IRl Rlmbe T S pre o
NPUBINIKEHHOMY peLLIeHUIo
MHTErpanbHbIX YypaBHEHWUMN.
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Integral equations approximately.
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1 :

FEPTY " (— 0¥ ¢y

el ‘_\Irl.!"l}d:'f" ! ]. N Y () By ()
o g a

HEM JeMME JOKS3AHA NOSHOCTEEY.
KO MOKAIATL, 4MTO YTBePHAeHUE JTeMME 4 MOMIO ZATIHCATH | H,

He used number-theoretic _ teefErleses

IVHEIHA (X)) OnpeJcieda pagEcHCTEOM

quadrature formulas to interpolate

multivariable functions and to solve H

y
W ed (w — x)edy = \F(u)dy 4

| M ".,\.J
5 E\." (1) B ({ty — xHdy

integral equations approximately. 1o S e it
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X)) npuiacae

200 =y = r). To2da

dy

o iaacey F3 o0 paes

L) B (=) -

¢ <),

Teopema 3. Hycms o z
KospuLgLeHmbL 1O MOOYAI0 [ Toeda 0aa yurkyud F(xy, ..

LY KAUCCY Es, npit N==p crnpaseoaleo paseHcIngo

T
X ] L O (NP1 N,

multiv
Integry o B = min(r,a—71).

L ¢ : 'i'!—i )
>3 I'=|—= L Ay, ...y Qs — OMIMUMAAbHELE
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Hukosnan Mnxamnosuny
npenJsioXXnsa Tak>Xe 3KOHOMHbIE
aJIrTOPUTMbI OJ18 NOJAYyHEeHUS
onTUMasIbHbIX KO3PULUNEHTOB
TEOPETUKO-YNCIIOBbIX CETOK.

Nikolay Mikhailovich also
offered the spering algorithms for
getting optimal coefficients of
number-theoretic frames.
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Nokaanam Anagemnun nayx CCCP
OG0, Tom 132, M 5

MATEMATHK A

H. M. KOPOBOB

CROACTBA H BHIYMCIEHHE ONTHMAJIBHBIX KO3®GOHUHEHTOR
(I pedcmaascis axadesmures H. M. Buncepantossa & T 19680

ByvieM ropopeth, uTo QyRENLNA

o0
Fleg ..o x) = b C iy, . o, g emlimarcd "5 Ta) (1)
e —
npREaRrex T Kaaccey ET, ecan Clmy ...t ms) = O ({my . . . M) "")rae
o = | w o= max (1,|m.] ). OGozuauwm uepea — K [Dorpeiunocts Keajapa-
TVPHOT hapmy ik

1 1 L

Ni
offereq

H(z) = %2—1 (l — Q{E}Y "

Teopema 1.

Ecau npu z = a docmueaemecs munumym Gyuxyuu H (2}
Ha uumepeare 1<z <p, mo yeave 1,a,...,a*"t 6ydym ONMUMANBHBIMU KO-

adhpuyuenmamu 0asn mex Kaaccoe Eg, y xomopeix o > 2.

(1—2] fff;“ DR (3)

getting OpUMaT COTITCTENTS Ot '

number-theoretic frames.

-.'.'".J'I'l'.'.'.'df'fn’.'.'.'f.'.‘!!i AR mMex KAQCcos {Lr]
dokasarteascTBo, & qepes &, (M) eAMHILY HAH  HYAL,
CMOTPS N0 TOMY, BENOJHAETCA Cp e m=0(mod p) wam wer. Bocnoss-
IVEMCA paBencTBAMH
2 b s i
. 5 Bt a i ks
==rl & L DLy = d
Bpim) = 2 e vl —24pP= ¥ S ()
» o

rae npn om0 $im)= :':_" m* o G(0)= 1. Ma (3) nocse npeoOpasopanuil,

AHANOTHMNEX NpoEenensnM B (Y), Tak Kak & (m) = m®, nosyuns
X B . 241 oot S P P

Hi— =3 Do atobma™h o Vay Bykemtecctmst Y

) e ] : 4

—f—1) {fmye - emmg)®

L L' o3HaYSeT  CYMMHPOBARUNE MO cHCTeMam (Mg, ..., A1) == (0
B KOTOPWY COOTBETCTBCHHO |[m < oo wm |mj=p—1 (v=1,2,...,5).
Myetes d — obmpft HanGONLLWINA JEARTENE WHCEA My, o .., s B A (W, . .-

<o M) — uMCA0 pemennii | cpasnenua  my; 4 ...zt = 0 (mod g). Tax
1005
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Hukonam Muxamnosuy
npenJsioXXnsa Tak>Xe 3KOHOMHbIE
aJIrTOPUTMbI OJ18 NOJAYyHEeHUS

[ COHBSMICITIGERHO.  88=

I BRegesm obo3nauenis
= -
Fi] G 1y == 0 e B, 2Y).
Pl My <y
» Ep—g — TAKAN NepecTaHoBra wupcen 1,2, ..., p—1, npH HKo-
S (2) = - =81 (2p—). Toraa npu mocraTouno GOALUHX 2

<1,

ONMTUMaJIbHbIX KO3 DULNEHTOB Ssersy
TEOPEeTUKO-YNCIIOBbIX CETOK. i G R e ]

TOTIA, TAK HKAK im | =) npy h =0 (mod p) noayaem

it 1] i
T It iffte 1K ma | I p
Ha s70ro HepaBeHCTBA, TAK KAk p— o by, MOAYMACM  YTHEDHICHHE TeO-
4 1 b s
peMil JLas cayugad 5= 2.

Teopema 2. /lpu s >2 0das kaxcdoeo Jocmamodno O0AbULO20 NPOCIHO20
—s5-4-1 = \ = ;
D MONCHO YyKa3dans He Memee ues 2770 p yeanlx a==a(p) makux, wmo He-

I a a® Pl
NI JLOAHBIE HACNTTHBlE YUCEAN _,ﬂ ’ {F wee e ..,{ P } OQePUaHUYEHBL COOMBEMCIMBEHHO 68¢e-

offere( «uuunanu 2(51Inp), 2(51np)?, ..., 2(51n p)s.

Il"_IFurp_-_-u.-u-u-;u,: peseannoll 2:5° In" pou, TaK Kak pey — P41

getting optimal coefficients of
number-theoretic frames.

(mod p) (v =1,2,...,8.
(MO0 EEALNHHEL Oy, . o . 8
MEAACTHCH  EMITGARCHIE  HEPOREHCITNG

(v 2.3 ....8 (10

g iou e Witge x IORNY  HCADEHID G
==0(mod p), ade B = B(s)> 15 = 0.
JlpKazaTebCTRO OCHOBANG Ha HCTIOABIOBEAHNN COOTHOLWCHHA
o )

nodyuawmeroes i (6) npu O (o, ..o = ey o) T TIPH OKAEATE -
erhe GocTATORNOCTH voeaoenit (10} wenoansyetca Takdme Teopema 2 paGoru (%),
(TR
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aJIrOPUTMbI OJ19 MOJIyHEHUS relfl o=letml e s B et

Iyerw 23, . . . 2p—y — Taxan nepectanoBya "wncen 1,2, ..., p— 1, npu xo-
Topoit S (z) =8, (2) = = 8, (2,). Torza nps gocrarouno GONLUIHX 2
I £ L&) &z 1hep—1 F

ONTMMaJibHbIX KO3(hprUneHTOoB Ssmes 3 1<

TEOPETMKO-4YNCIIOBbIX CETOK. e R e Sl

Teopema 3. IHycme (a,, p)=1 uw ab,=1(modp) v=12,...,5).
Heobxo0umots 1w OQOCIGMOYHbIM  YCAOBUEM MO20, HINOOLL GEAUMUHBL Qy, . . ., Qs
OLLAU  ORMUMANLHOIMIL  KOIPPULUeHMaMil, SBASEMCS  BbINOAHEHUE HePABEH NG

1 V— '{)v— 5 '
NI | = .—;:—...—-[——-IFI—'nz_ﬁ-—n'}_ b (V== 2085 « o) (10)

7 1 i B
f i m,.--mgint p

offereq o.s w6 UCABLX My My, . . . Ms, YOOBACHBOPSIOWUX YCAOBUIO M, == . . .

gettind—. asms =0 (mod p), 2de B =B(s) >0 u 7= ,

number-theoretic frames. e

nosyuawmerocs wa (6) npn G {myg, o o) [y - o o W)™ TIPH KOKAZATE -
erhe GocTATORNOCTH voeaoenit (10} wenoansyetca Takdme Teopema 2 paGoru (%),
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as==m o
R
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{ r.l. Mg

Ha Bee

2. Tpc

MOHIID

i YR poLge
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[} & — NPoCToe,
HHM '|G‘;]i‘i F
nepes 2., Boobme, 1e u3

ITh, HTO
S A
Uneao aeficTe

(RRS

oK NTO C
p Teopeme | ogam o=

w5 neamx a =ap), n BETTITR
NpH - BEYHES 1 OTTHN 1% KO-
WA HAMCHHEM OT NPOHEece COeIvio.

G (riny 4+ mz=—1),
ueawtx zE[l, p— 11, nra RoTophix o (
TE M3 2, AAH KOTOpLIX O (2) = 0, oboanay
408 KROTOPRIX @, (2.} = 0, chosnaunm uepes
0. [poiece obopBeTci nocjde TV
1{z4) > 0. Jlerko ny
o Bocnay (11}, w

LA B

UKENTOB, MOMHO 3SHAYHTEILHO COKPATHTH [IYTEM  HEpPexo;
rae p' oW p° npoOCTHC, H uyeeT nopagok B pl My

20

rae @ ONpeAtieHO KAk

JEHHA  AOCT:
BTCOpEME 1 1 8 3an
OTMETHM B 3aKAI00€1)
HX C TOMOMEBIO OOTHME

Pt uens
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eHToR. Flazoses crenmenvio ko

o TPHIOHOMETPHYECKOTO

KCHMYM NROIECJeH

21,4, 4 ..y 6°71, nOAYYEHHRE B TROpEME 2, T ONTHMANRT
ras. Byaen npenn uTo

peHeTBOM &, (01 -

C (i1 o o oo 1) €3I himig xg )

st Boway (1) w3 (9 npu k= s— | caenyer,uro
4 181 KOs iien-

p (5 1n p)—+1, THoasayn
MOt cneTem (i,

= {0 .o O), yaoBSeTEOPA KO

{6) noaywum R =0,
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onTUMasIbHbIX KO3PULUNEHTOB e s n e

paborax 3[l--3] . Jna peamisawm 3T anroputMos TpeBosanocs sumnomseme O(p?) wm
O(p'* 1%y snementapinix apudy KHX

TEOPETUKO-YNCJIOBbIX CETOK. P St LG48 Sepcin st

Mycts m, 5 — HaTypansHBle W X, X3, . . . , Xy — HeverHble wacna. Yepes E° Gynem
m

0603HAYATE CYMMHpPOBaHHE no HeweTHwiM m. llpuw=1, 2,..., n onpenemin DyHKIHID
holxy, X9, .., Xg) CTIOMOLIBK paBeHcTBa

(e, x5,....%) = _—;,—m%:°(2n = 2v+m) i .(2n —2pt )

rae imx}-ﬂ"'l — paccromne or mx;/2" po GmuKaflero uenoro.

bEY

Teopema 1. Ilpu npoussonvHom HaTypanbkoM n yeavle a,, a,,..,ag, onpede-

Ni NIEHHbIE DABEHCTEAMU @y = dyp, A7 =dap, . . . , Ay = dgy,, OYOYT ONTUMAnbHEIMU KOIPPU- |,

|zl

YHEHTAMU no mMooyaw p = 2",

offered the spering algorithms for ree e 5 o4

Noxazatenscrro lpuw =1,2,..., n pBefeM oBo3HaveHMA

getting optimal coefficients of

s 22," +1
H = X ——e o+ (2" 2%,
! k=1 m=1 Dmag 2% Bmag[2%0 ( )

number-theoretic frames. IS et pigpesents .5 S

ay =% :

——— <2+ '
2 z=0 bmia + 2"~ '2)/2°) Umaf2*=1
nonywiM

1 |
) hp<— X
@ YT a0
1 2%
= — E(Zn—2v+2+-—

2 m=1
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Tax KaKd,; =@y =...45 = 1, TO

12 | / 1
e B -2+ ——). (M =2 4 — ) = 21,
& 2 m=1( " imf2 I|) ( e Imf2 1

W, cnepmoparensHo, w3 (2) nomywim
by Sy .. Shy <270t
Quermm Teneps BenHwiHsl f, . OYeBHINO,
Hy = (@™ —2)h, = (2" = 1) 2%° < (20)° 2",

Tak Kak

1 al 1 1
=Yt -wt —— ). (2= ——),
bom g B (=24 nma,,xz"n) (n -2 hm,,,azvuj

TO NpH = 2 nonywM
p=2 2%, 1
H<E ' —— o
k=1 m=1 Hma,k."'lzll.. : llma,*ﬂﬁT
vz 2* 1

= pE— —r»«{z"'l-z"-l hy_y=H,_ 1,
E] m=1 Vmay /250, ., Doy, (251 Moy g

L TR AL TS

M, CAEROBATENEHO,
(3) H,<H,1<...< H <(2n)2".
Cornacko onpeeneHio BenHOMH g, u @ npu k=1,2, ..., 7 BHNOTHARTCR
CPABHEHHA
a E @k, gy = ag (mod 2%).
Ho Torma, oMeBHIHO,
LS | 1 - E 4 1 .
me1 Nmay 27 L., Wmagf2"4 k=1 me=1 Dma,f2%0. .. Dma,f2%0
n-1 1: 1 2, i

=E + E = f,
k=1 me1 Umay o250 .. Dmag /250 ma1 Vmay /270 .. Dmag, /20 "

Otciopa 8 cuny (3) cmenyer, ¥ro
2%y 1
(4) < (20 2",

may Demay (200 Bmay /270
Onpenenum b # by, ..., by ¢ NOMOWLI CpPaBHEHKHA

aph=1, @b = by, ..., ash = by (mod 2").

Torna ua (4) nonysm
a"-1
T _ _1__ B 1 e
m=1 Im/2"0- Bbym/270. .. Wbym/2"1

2"-1 1

z <@
m=t m Nbgm/2" 1. 1bmi2°1 (@ny
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= BLINOAHAETCA HepaBeHCTRO

2" 2 7 @y’
Tak n:axg=2" 10 2n< 3lnp u
Ilycts n, s — HaTypanbHble W Xy, X, . . . , Xg — HeueTHbie wicna. [Ipu v = 1,7 =g
nnpu 2<vy <n,l <r <s onpegenum :byﬂxuﬂm Ry (X1, %2,...,%) ¢ mnomowmsmo].

paBeHCTBA

6) hu(xy, xq,...,x5)=

Y / 1 s 1
) k2m—2u+——-——\’l I1 (2n—2v+2+ )

1
2" m=1 j

Vmx; [ 220/ j=res Wmx; 27— 1

BeiGepem a1 =a;;=...=a5; = 1. Mycts r>1, v>>2 U M3IBECTHB! HEYCTHbIE BENMYMHEI

@rv—1s---28sp—1, Ay, ... d,_1p. Torga npu 2<v<n onpenenuMm d,, ¢ MOMCIUbIO

PABEHCTBA @,y =4a,,,_; + 2”7 'Z', rpie z' — 10 3HaveHme z, MPH KOTOPOM [OCTHraercs mMu-|-

v—1

HUMYyM chHKuHH hﬂ!(all-':"'ﬁar—lvs Ayy_ +2 z, ar+lv—ls---:ﬂsv-_1)s Kornaa
Z NpHHMMaer 3HaveHua O u 1.

Teopema 2. Mpu npousgonskom narypanshom n yeasie a, = Qypp o oo, g =

= dgn, NOAYYEHHBIE ¢ NOMOWLIO an2opuTMa (6), OYOYT onTumanbhbiMu Ko3PduyuenTamu

no modyarw p = 2",

Ilm_umnnxalm tor = 2,r 2 2 H H3IBECTHEI HEYETHELE BENHUHHbBI ay = 1, @ e "

ey = 1, 83,0, Qppe .Tornanpu’én-SnnmﬁepeMa,u @iy *+2¥°
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Teopema 3. [pu npouseoashoM HaTYpaabHoM n yeawte @y =1, 83 =dap, . - .
Ly = gy, NOAYNENHBIE € NOMOWL0 ateopurma (T), Gyoyr ontumansKsiMu Ko3gd-

a J-I r O p M T M bl ID|J-I ﬂ I-I OJ-I y LI e H M ﬂ i mjzl:::-::fc(;téfﬁg :ci;;cum 3 OCHOBANO H3 OLUEHKE MUHAMATLHOTO JHAUCHHA PYHIK-

sl Bepg,, g +2¥7 1 2) ee cpemiM IMANCHHEM M MCNONBIOBAHHA PAREHCTRE

OHTMMW ,1,' é'“—+—=ln2+%1n :
— G [lycTs x — HeuetHoe 1, s — Harypanbhble wicna. [lpu 1 <v <nu 1 <r <5 3apa-
P UMM GyHKIMI0 f,, (X) ¢ MOMOLIBIO PaBEHCTBA I

i k 1 1 32,3135,

2

% In e.. In

o ) ma

m=1 sin? —=ln sin? g T ar—-1n
2k 9k

(M hyx) =

k=p 2Kk-V

Nil Mpennonosaim, uro r = 2, v > 2 1 U3BeCTHH! HEYETHBIE BETHYHHBI B1,=1, 8. MATUKA

B -,ar—im
@1 =1, 8,,...,a,_1.Tornanpu 2 <v <n sBnibepeMa,, =a,,_; +2° 1z’ rnez' — 10

offerec bl
3HaYeHHe Z, MPH KOTOPOM [IOCTHIaeTcs MHMHHMYM (YHKUMH Bl § 27752, KOL-

gettin( Oa z npHHMMaer 3Havenus O u 1.

] Teopema 3. [Ipu npou3sonbHOM HATYpPAabHOM R yeavie dy = 1, d; =azp, . . . | oo

numbqd .. ., a, = dgy,, noayyennsie ¢ nomowsio anzopurma (1), 6yOyT ontumansuslmu xosggu- | . . .

yuentamu no mooyaw p =27, S—

Mo onepausm £ ofbrnbiv obpaspm [1] cTpoATcd MHUHHMAnTBHBER |
MakcHMansHmp onepatopm Lo, L: H -+ H (L} 1* H- M), e H -
runeBepTORO NPOCTPAHCTED LE{w) r-MEPHBIX KOMIUIEKCHBIX BexTOP-DYHEIMA. Mycts
ML =1L: Lo CLCL| — mHomecTRO rpaHMYHBEX 3apad [1] (Bece
OMEPAaTOPEI NPeANONAra0TcA IaMKRYTEIMK ) . Oneparope u3 [(L), HMenLME OTPAHHYEH-
Hete oBpaTHBie, onpedencHHble Ha f, 0BpasyT MHOKECTBO KOPPEKTHB X 32134
re(L) [1]. Onepauna £ paspewmnma, ecmd (L) # ¢

I paHiyHOH
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ON THE COMPUTATION OF OPTIMAL CQEFFICIENTS
uDC 12

M. M. KOROBOV

The concept of optimal coefficients was introduced in [1], and their significance for the
approximate computation of multidimensional integrals of arbitrary multiplicity 5 was
indicated. Various algonithms for computing s-dimensional optimal coefficients modulo p,
where p is the number of nodes of the quadrature formula, were obtained in [1]-[3]. The
realization of these algorithms required the execution of O p*) or O(p'™!
arithmetic operations.

) elementary

In this note we present more economical algorithms for p = 2" whose realization
requires the execution of € p)or O pIn p) operations.

Let n and s be posiive integers, and x,,....x, odd integers. Summation over odd
integers m is indicated by 2. Fore n we define the function i (x,.....x, ) by

; U S IR e 1 ).

THEOREM 1. For an arbitrary positive integer n the integer a,,...,a, defined by the

. e - e . ; ] — "
NIl equalities a, = a,,,....,a, = a,, are optimal coefficients modulo p = 2".

offered the spering algorithms for
getting optimal coefficients of
number-theoretic frames.

where 2;,...,2; are those values of the vanables at which the function
hlay, =

attains a minimum as the variables =,
dently.

THeOREM |. For an arbitrary positive integer n the fnteger d,,. defined by the

equalities a, Laer oo, = @, are optimal coefficients modulo

3

vy llmay, /24
Ohserving thatif » = 2, then
L 1

a=p llmrla + 2

(1)

1980 Mathematics Sulyect Clussifecation. Primary 63V03, 65030,

L1983 American Mathematical Society
DST-6TRE B3 S100 + $.25 per page
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TEOPEeTUKO-YNCII0BbIX CETOK. e BRI B

ho=h, = ==
We now estimate the guantities H, . Obviously,
H; = (2% = 2)h, = (2*
Since
h L ‘;"flu 2r 4 — ) ses (2 =20
Al miy, /2
{ for v = 2 tha

Nikolay Mikhailovich also
offered the spering algorithms for
getting optimal coefficients of
number-theoretic frames.

band by, b, with the help of the congruences

ab=1, a.b=b,.... ab=h
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Then from (4) it follows that

& Tmg2m kgm0 -« libym /2"

aNropuTMbl gNnsa nony4v4eHmsd M S——

and consequently, form = 1.2.....2"

ONTUMaJIbHbIX KO3(PMPULIMEHTOB

Teope]

Ni
offere(
getting
numbe

{6) hl: B
1 \ [ then

: nahity
[ g r—1 :
lmx, /2" "1l |

g R

r 1 ! ¥
=] [2n=2p 4 s
3+ 11 (2n -2 e

. But

(21:*21} + 2 +

1
— 2
rtl st be
order

POTEM

M

and the odd

We take a;;, = --»=a,= L integers
..a,,_, and a,,,....a,_, are known. Then for 2 <» < n we define a,, by the
is the value of z for which the function

) attains a minimum as z takes the

Suppose that r=1, » =2,
¥

lijy g
equality a,, = a,,., + 2" 'z’. where 2

| vr— 1.
+2- oy ar'll‘ |.....ﬂ,“,

F

e ur;' — |

values 0 and 1.

For an arbitrary positive integer n the integers ay = d,,.....d; =
= 2".

THEOREM 2.
obtained by means of the algorithm (6) are optimal coefficients modulo p

’
In Theorem 3 we consider an algorithm ensuring stronger estimates of the quality of
optimal coefficients. However, the number of operations in this algorithm is O pln p).
somewhat larger than in the previous theorems.
Suppose that x is an odd integer, and » and ¥ are positive integers. For 1 = »
| = r= 5 we define the function

r = o and

R 3 !
7) hix)=3 — Z*lh———77
A -'.—‘ L =1 s 7(’-"“:-.."'2*3

1 1
et e Ml
sin® wima, ;,/2%)  sin® w{mxs20)
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the value of = for which the function k, (@, ,_, + 2" 'z) attains & minimum as = takes the
values 0 and |

afropuTMbl 415 NoJy4YeHUs S A

obtained by the algorithm (T) are optimal ¢

The proof is based on an estimate of the minimal value of &, (a,,

ONMTUMaJIbHbIX KO3 PULNEHTOB

Lis i !
= ¥ In——r i I e Iy — e ;
2 sinfar((a + 277 + 2)ms27) sin wl{am/277")

Te O p eT VI KO = LI VI Cﬂ O B bl X C eTO K . which |>\':<I-||j”fm » = 2 when & and m are odd.

Computation Center

ki s APR /82
Academy of Sciences of the USSR Received 16/APR/8
—

n I. li 1
= *In
(?) h”'( x} }\'2--[1 21." i .lnz— 1 S-ll']: gr,r( nzulu/zk }
] 1

' ol —In — .
NI sinf w(ma, ,,/2%)  sin® w(mx/2")

offere( THEOREM 3. For an arbitrary positive integer n the integers a, = 1, a, = a,,,..
g ettl N obtained by the algorithm (7) are optimal coefficients modulo p = 2",

number-theoretic frames.
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Hukonanm Mmnxamnnosmny Kopobos - aBTop 6osnee 70 HayYHbIX
paboTt, B TOM Yncne gByx MOHorpagmm, B KOTOPbIX SPKO
pPaCKpblBaeTCHA nenarorn4ecknn TanaHT KPYnNHOro y4eHoro -
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TEeopUn Yncen n eé NPUIoXKeHnm K Npuban>XxEHHoMy aHannsy.

Nikolay Mikhailovich Korobov wrote more than 70 scientific

publications including 2 monographs. In these publications we
can see his greatest pedagogical talent, he wrote clearly and

simply about difficult problems of Theory of Numbers and its
applications to approximate analysis.
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in 2004.
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ABNAdACbL AoNArve roabl COpykoBoaMTeNIeM Hay4YHO-
nccnenoBaTesibCKOro ceMmnHapa Kadenpbl Teopun yncen MIY,
OH OCTaJICd B NaMATUN YH4aCTHUKOB KaK 3aMHTEePeCOBaHHbIN,
BHUMATEJIbHbIWA, HO CTPOrMA aBTOPUTET MO OLLleHKe Hay4YHOW
0eATesIbHOCTU MHOMMX MaTeMaTUKOB 13 NepudepumnHbiX BY30B,
BbICTYNaBLINX Ha ceMnHape B MockBe.

Korobov was co-head of scientific-research seminar of MSU

Theory of Numbers department many long years. The
participants have remembered him as curious, attentive but
strict authority when he valued scientific effort of
mathematicians from provincial universities taking part in
Moscow seminar.




Co3aaHne TeopeTUKo-41ucsioBoro Mmetoja B
NPNBINIKEHHOM aHaIn3e HepPa3pPbIBHO CBA3AHO C
paboTton B 1957-1961 ronax B MaTeMaTN4e€CKOM
NMHCcTNUTYyTEe AH CCCP ceMnHapa, KOTOPbIM
pykosoaunn H. M. Kopobos, H. C. BaxBasioB
nH. H. YHeHuoOB.

The development of the number-theoretic
method in approximate analysis was allied to the
seminar at the USSR Academy of Sciences
Mathematical Institute. This seminar was held
from 1957 to 1961, the seminar heads were
N. M. Korobov, N. S. Bahvalov
and N. N. Chentsov.

H. C. bBaxBanos
N. S. Bahvalov

Chentsov




TpnouaTtb net 6e3 nepepsbiBa B MY nm. JIomoHOCOBa
paboTan noag pykoBoacTBOM Hukonasa Mmnxamnosmda KopoboBa
CeEMUHaP Mo TPUTOHOMETPUYECKNUM CYMMaM N UX MPUIOXKEHUAM
ONa CTYOEeHTOB, aCNUPAaHTOB U Hay4YHbIX PaboOTHUKOB.

During thirty years the trigonometric sums and its

applications seminar for students, post-graduate students and
scientists worked at Lomonosov Moscow State University. Nikolay
Mikhailovich was the head of this seminar.




3a roabl negarornyeckon peatenbHoctn H. M. Kopobos
NoAroTOBWUJ1 MHOIMMX YY4EHNKOB: Bboniee 20-TN U3 HUX 3aLNTUIN
KaHONOaTCKue gucceprtaunm, a 6 - OOKTOPCKUE.
Cpeaun Hux:

ONOKTOp hn3.-MaT. HaykK, npodeccop,

3aBeAYyOLMA OTAEIOM TEOPUN YNCES

MaTemMaTnYeCKoro MHCTUTYTA
nm. B. A. Cteknosa PAH A. A. Kapauyba.

During his pedagogical effort Korobov has
trained a lot of disciples. More than 20 of :
them defended Ph.D. theses and 6 of them A. A. Kapauy6a
defended doctoral theses. A. A. Karatsuba
One of them was

doctor of physico-mathematical sciences, professor, the head of
Theory of Numbers department of Steklov Mathematical Institute of
Russian Academy of Sciences A. A. Karatsuba.




3a roabl negarornyeckon peatenbHoctn H. M. Kopobos
NoAroTOBWUJ1 MHOIMMX YY4EHNKOB: Bboniee 20-TN U3 HUX 3aLNTUIN
KaHONOaTCKue gucceprtaunm, a 6 - OOKTOPCKUE.
Cpeaun Hux:

LOKTOp (hbn3.-MaT. HayK, Npodeccop, 3aBenyoLLmnii

Kadenpom Teopumn 4yncen MoCKOBCKOIro

neparorn4yeckoro rocyoapCcTteeHHoOro yHmesepcuterta M.
A. MUTBKUH.

During his pedagogical effort Korobov has
trained a lot of disciples. More than 20 of
them defended Ph.D. theses and 6 of them
defended doctoral theses.

One of them was

doctor of physico-mathematical sciences, professor, the head of
Theory of Numbers department of Moscow Pedagogical State
University D. A. Mitkin.




3a roabl negarornyeckon peatenbHoctn H. M. Kopobos
NoAroTOBWUJ1 MHOIMMX YY4EHNKOB: Bboniee 20-TN U3 HUX 3aLNTUIN
KaHONOaTCKue gucceprtaunm, a 6 - OOKTOPCKUE.

Cpeaun Hux:
OOKTOP (hn3.-MaT. HAaYK, ANPEKTOP
XabapoBckoro otaesieHnsa MHCTUTyTa
NpUKAagHOW MaTeMaTuUKM asbHEBOCTOYHOIO
oToeneHunda PAH
B. A. BbIKOBCKMM.

During his pedagogical effort Korobov has
trained a lot of disciples. More than 20 of B. A BblKOBCKMIA
them defended Ph.D. theses and 6 of them V. A. Bykovskiy

defended doctoral theses.
One of them was

doctor of physico-mathematical sciences, the head of Habarovsk
branch of the Applied Mathematics Institute of Far-Eastern branch
of Russian Academy of Sciences V. A. Bykovskiy.




3a roabl negarornyeckon peatenbHoctn H. M. Kopobos
NoaAroToBUJ1 MHOIMMX Y4eHUKOB: bosiee 20-TK U3 HUX 3aLUTUIN
KaHOuOaTCKMe gucceprtaunm, a 6 - OOKTOPCKUe.
Cpeaun Hux:

MHOCTPAHHbIN Y4EeHUK, npodeccop

MNMutep LUnHtepxod, BO3rnaBnsaoLLmnin

NccnepoBaTenbCKUN MHCTUTYT MPOrPaMMHbIX

TeXHOJI0rnMm 3anbubyprckoro yHmeepcuTeTa B

ABCTpuWN.

During his pedagogical effort Korobov has
trained a lot of disciples. More than 20 of
them defended Ph.D. theses and 6 of them ;
defended doctoral theses. M. UnHTepxod

One of them was P. Tsynterhoff

the foreign disciple, professor Piter Tsynterhoff, the head of
program technologies Scientific Research Institute of Salzburg
University in Austria.




To Dear
Nikolay Mikhailovich
from his progeny.
23.X1.1967
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Jdosaaagm Avagemnun ways CCCP
i e ot e [ PR b By R T = e T e e e

MATEMATHK A
A. A. KAPAULYEA

OUEHKH TPHTOHOMETPHYECKHX CYMM OCOBOIa BHIA
H HX TPHIOKEHKS

([ pedcmesaenny axadesaxon H. M. Busnoepodcess
PacemorTpus TPHIOHOMETPHHECK VIO CYMMY

Japx
oy

e (ay, p) P Ersti b
Teopema |. Hyeme S — cypsma suda (1), p= N =

A. A. KAPALLYBA

OUUEHKH TPUTOHOMETPHUYECKHX CYMM 0OCObBOI'O BHIAA
H UX NMPHIOXEHHUA

(I1pedcmasacno axademuron H. M. Buncepadossin 29 X 1960)

Teopema 2. MTyome (& nEPEsoGpasnsill Xapaxmep no smody.ao D
p—npocmoe > 2 u log 1 log® n.

Tozda, ofosnavas wepes Sy cymmy ™ k), wmees

J:"’.
!_r';;.‘\"
\ €y — ABCOMOMHME  KOHERUINITIO.
anee OoOLIMHLIM nyreM INiyHaesm Teopemy:
Teopewma 3. Mycms n*log’ n=logp = n", o (k) —nepsoobipasunt xa-
pakmep no .ua.\r.iy_rm D pip npocmoe > <

Toeda L (s, %) we usmeem Hiyaed & obagemu

I'8|< s,

KOHCMIORT .
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Horaaagwm AxazemMnn sayg CCCP

YK 511.9 MATEMATHEL
A, A, KAPAILYBA
CHCTEMBI CPABHEHH 1 YPABHEHHS BAPHMHTOBCKOI'O THIIA

(I pedomasaene axadesurom H. M. Burocpadosus 8 IV 1965)

Byaem yoorpebaats cae tylomne oboapnwenma. Boe GykBsl, 5a MCHINOGEHE-
eM &, £9,...,0, by, ... ofoaHAMaNT Heake TMCAA: E, § , 0, 8y — melicTaATAIL
HEIG NONMGHETEALALIE BeJIHHL & = 11.]', < i P — WpOCTOR ST
damues A = B oamanaer, uro A = C(n) |8, rae €(n) — woneramra, gaul
CAIAA ToaLKo ot n; O, O, : afcomoTuse KoneTanTol: J nlddy ooy hn)=
HHENO pemennii CHETeME Y parH et

Ty i — =M
(1)

= o

A. A, RAPAILIYBA
CHCTEMBI CPABHEHIIT M YPABHEHHNSA BAPHHTIOBCKOIO THHA

(Hd pedecmascaeno axademurom H. M. Bunozpadoans 8 IV 1965)

-y =0 (mod g, wh
- " =0 (mod g,),
=z, pi=P; 1= e
Teopema o cpepmem M. M. Bunorpas () yrepmaaer, wro upa
k = n(n+-1) [ 4 4 nt aveer mecro mepanercTao
T 00y <oy 0) =T, g < PU—TEHIVEH (2}
rae & = Yan(n +-1) /(1 — 1 /n)=
He oroit veopemmr caenyer, uro mpw &k = n(n - 1) /4 4 nt gnr Ny
HME8T MeCTo OIeHKa »
Wy, o PAN—rir OB+ g 0 ) gu) N 3}
Ipm awGom k rpuenansao naueen
-\'n.-u 5 P2 -....:1'-:[,‘,'_ :---'r'-'-} -L
Taxum ofpasos, onenka (3) rounan.
Boamnxaer sagawa moaytenrun omenox snga (3) npn mesnmes amavemmm k
IHyers 1 =r=n; Pr g==P: g=qgv<2q: % =
Q=g"r. B (& IpH. HEKOTOPOM CHRINANLHOM Jg 0 {rp == ... = {n =il

ODoayHMeHa OLeHKEA
_‘\-I.. - Ph—rn4rir—i}24e, - {'.;

274
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HDokaanu Axagesmun nayx CCCP
1065, Tom 165, M |

MATEMATHKA
———— oo
A. KAPAIYEA
OB OLEHKE YHCITA PEIHEHMHA HEROTOPBHIX YPABHEHHN

(1T pedemnoasno aradesurom 10, B. Muwwnwom 23111 1065)

Pacesorpust ypasiremme

b yxn, (1)
e P> expnt | < ;
MHLIeHEN SToro YpasHenma, Lensa cnel
Hrieckoil qopMyaoii B npofineme Bapn
H. M. Bumorpagaon cospanmnm na
dntln n oueny:

voeeey b Thyers Iy, o (P) VG
F Ik, o (P) Tecwo cansana ¢ acns-
nra (em., mampusmep, (4), crp. 141).
MeTotoMm neayuna nan Iy, «(P) npu
e, 1 (P) =< Ok, n) Pri—n (2]
e O (&, n)
3

HOCTONHHAA, SABHCAIANA TOXLIM O  fa ke
A. A. RAPAILYBA

OB OILEHKE YHCJIA PEIIEHUN HEROTOPBLIX ¥ PABHEHWI

(H pedemacaeno arademurom IO B.

Hurnnuwom 23 111 1965)

" I\'il]rl'll I’Iﬁll:'ll[-l.’l!'”“}l: l'rl.. m, i, r,
) by P — ne s=r=n: Iy (P TUCA P
Santi ypasnenna (1): ¢, ¢

[ €, €1, KOHCTAHTEL, ROTOMe MOrYT SaBHCETH
ks A, Ay As, ABCOMOTINRIC KOMCTAINTLL,
| Teopesmatl Mfpuk = 6rmlnn CNpasedauan epasenerao

] Iy, a(P) < P2,

Teopema 2. Hyery 1 =m=n. Tosda npu & = 6 mnlnn MO

Lyn (P) < ealy, i (P).

{4)

(5

TEOPEML.
NECAO Wy

Teopemet 1 w 2 serko AOKARKBAIOTCA WA CALHYVIOWSH  0CHOBHOG
ODenosman ten pesma. Hyers p > exp n® — mpocroe
POTLEE YU, YAOBAETEOPRIOUILE HepadencTaa:
R ) SR iy 2

Yori V" < Pisi < o pi f [orinn); p= p.
Myors, daaee, =P P oot S P o< pygytir. Pacemorpum euere
N NI e R

—e=A
=P
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Moxaanm AsageMuun HAYK ccocp
1963, Tom 149, Nt &
MATEMATHKA
1. B. KAUITHPCKHA

0 TEOPEMAX NMEPEHOCA

[ycre x = max (1, |x]) B {xp paccTofiie o7 X o Gaumaiero ue-
noro uneaa. PacemoTphm JvHeRHBEe (GOpMb

Ly (X1« « o3 Xm) = Z axn Moty o0 ln) = 2‘;(:,-_4:,
f=) =1

M3 knaccuuecknx Teopem nepenoca A. fl. Xununna (1,%) cneayer, 4T0 ecan
fe CYIIECTBYET LeAOr0 HEeTPHBHaILHOTO pElleHHs HepaBeHcTs

max Mg (g, - . o udp < D; max || ¥

5

(i =1...mji=1L... #h (1)

BEHCTR
iy )

10. B. KALLHPCKHHA
0 TEOPEMAX MEPEHOCA &

(I pedcmasneno axademukom H. M. Bunoepadosoin 4 X1 1962) e O

(g .. %)t (B 4+ 1) ..« In (2 + DI €M 2 - . o0 22)3 > Co
'y 1

3tn Teopesil Gy/leM HA3WBATh THMEePOON MY EC K HMH TEOPEMAMH fe-
\peiroca. HacTHpil cayuail TeopeM TAKOrO THNA GhLL PACCMOTpEH A, 1. Xuman-
b (2) W moame [aiicomom (*). OGeMHO JoKasaTelbCTBA PASJIHAHELX TEOPEM
Lepeiioca OCHOBBIBAIOTCA HA npAMenernn npunnuna Jupuxae (HckaoueHnye
acTapnaer anaanTiueckan Teopema A. Q. leanponna (*)). B nacroamef pa-
if0Te, B OTAMMHAE OT 3TOrO, HCOOAL3YETCH apyroil enocof JoKasaTe/iLCTea, npem-
somennptit H. M. KopoGoseim. OH OCHOBaH Ha OUeHKe TPHIOHOMETPHHECKHX
EYMM.
§ 1. PaccmoTpHMm HepapeHcTsa
fogXy = o oo 4 GaXu >

£aX} o o o {0 o (3

Qe C = C (u:, n); Cy Cy (o 1)

Teopema . FEeau nepasencmeo (2) ewtriotneno  dag  aoGux e
.o XY == (0, ., 0) im0 s Ainboeo yeaozo x> 0 npu vy = (1 + 2) n
wnoareno  sepasecmao (3). Bepug o o0pamuas meopema ¢y = (1y-14-n) m.

z= 1018




Ohnrded sl o cr

| VCIIEXU
MATEMATUYECKMX
HAYK

TOM J
XIX
BEITIVCIC
6(120)




1964 2. mosGps — dewatipn

YOCITEXH

m. XIX, aun. 6 (120)
MATEMATHYECKHX

HAY K

HEJUHENHBIE TEOPEMBI NEPEHOCA
1. B.

Ramnper
B kaacomueckux teopeMax nepemoca (e, npmmep, [1]
MAETCH CBARL MOFRITY OV TRORA e B

) VeTanim.
penren i OIPETeICHIoN
TEML JHeITHRX () PN B s o0paTHo TPAHCHOHAPOBA BN CHCTOMLL,

B macrosmgii pi

ohEeTH
aboTe ¢ NOMOMEID MOTOL Tk
SeO 1M L L 1 e

T

TMHEINHBLIE TEOPEMbI IHEPEHOCA

06020

0. B. Ramupermnii

T
(Omenka  merposmsan
Teopeua

npe n=s 5.y
2. Eeaun ay,

AtrreeiEno
({x))

Qe npu wakos X we wheem pewenuws, mo daa

W adro pruteniie cremean

x T u b naiidemes xoms
fogty +oatl = ... A —0)y < el 2
Teopesma 3, Feaw nu npu gawow X nepasencmeao
3y

b 0y

ARy

1) O eymecTnonanmm oy,

von gy WK
iy 4], soessen 10 [B], monesen 2w 16] [rex
e es

PROUAM. 1 UM AR T
wpestn 1), Moscio mo

MEARHITNG  VRAOMIETM cpoflcTiom,

R TI BT ETL N

LTI e P TR T 1
ITh, UTO W0 Teopese 1
CYIHECTRYIOT o
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Horaage Agajemun nmayg CCCP
1960, Tom 1831, N1

MATEMATHKA

C. A. CMOJISK

6 XI 1959)

e-CerTbio ans MHOKecTBa G B HODMHPOBAHHOM nNpocTpaHcTBe R Hazw-
BAETCA TAKOE mogMuowecteo &, anementoB H3 R, uwto aan moforo fEG
( yer € G, taxoit, uto ||[f —F||<<e (*). [lyctb G Hmeer KoHewHYI
e-ceTh npu moGom & > 0, Ecan N, — HanMenslliee UHCA0 SACMEHTOB B 2-CEmi
aas G, 1o lg, !
cHTeaLHO R,
= ., k 1 I ey e
farp a . e M TE K CHO-
2pemMen-

C., A. CMOJTSK

e-9HTPOMNUSA KJIACCOB ES“(B) U W;s (B) B METPHUKE L,

( [1pedemasaeno axademuxom A. H. Koamoeoposwm 16 XI 1959)

rae m=|m|, ecan m==0 1 0=1, (Mo nosoxy cos EXF(B) om. (49,
rje paccMarprBatores caydan R = 0 u dakraueckn aioboe k < —as.)

Mowno nokasare, uro Wj (B) npu uensx o ecTh MHOMKECTBO KOMITIEKCHO-
anaunux yuroni f(xy, ..., x), Hveounx nepuon | no KaMpoMy nepemes-
HOMY H AMAIMKHX CYMMHDYEMBIMH B KBajpaTte YaCTHHIMH TMPOHIBOILHBIMY

LA il 7 o | 8 o o
R L, s,

Huze onennsaetes s-surponus knaccos £3°° (B) w W5 (B) orrocurensHo L.
Hna oueHoxk Hcnodbayercd Metoi, manoxenusdi B (V). [lns onncanus npepeis-
HOrMG noseje
ecad lim—=1; f3g nm g5 [, econ lim—

Teopema 1.

gt41

(—A1) In2 .

s ot Zrel (
= Ha (W3 (B) S o—2rrres
Hokasareabvcerso. Ecan umeercs e
3JIEMEHTOB, 10 cyinecteyior N Tovex |

30
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Nornagm AxagemMnn u
1565, Tom 185

MATEMATHKA
C. A. CMOJISK L

KBAAPATYPHBIE H MHTEPNONALHOHHBIE ®OPMY/JIbI
HA TEH30PHbLIX MPOH3BEJAEHHAX HEKOTOPBIX KJIACCOB
GYHKLHA

(T pedemasaens axadesusox A. H. Koamoeopossm I7 VI1I 1962)

Tlyers K — HexoTopoe auHeiinoe HOPMHPOBAHHOE MPOCTPAHCTBO H OYCTh |
o, © — wexoropele ero samementu. I[lyers K' — rensopuoe nponssenesne K
caMoro Ha cebsi § pas, T. €. DPOCTPAHCTBO (PopManbHLIX KOHEWHHIX CyMM §
BHjla ‘_‘_ AT & @ (rge }," — ypcJa), JAAA KOTODPHIX TPHBHAILHEN J
1<t 3
ofpasoM ONpejefieH0. CAOKeHHe H YMHOMEHWe Ha 4WHCAd, (QaKTopHIOBAHHOE
_

C. A. CMOJISK "

|
KBAJAPATYPHBIE U MHTEPNOJNALUHOHHBIE ®OPMYJIbI viotas

HA TEH30PHBIX MPOM3BEJAEHUSX HEKOTOPBIX KJIACCOB K. wd
SYHKLUA

(11 pedemasaeno axademuxom A. H. Koamozoposwm 17 VIII 1962)

Tin,
Py

TIpiL 9mose 1 ) . i 3 MGUHALUA
waenos T, @ ... Dby, T s B N
JokasaTeNLCTBO STOR TeOpeMbl COBEPIUEHHO TPHBHAJLHO B TOM CAyYae,
ecnn K u K' —npocrpancrsa qMcen, ONEPalluf TEHIOPHOrO VMHOMEHHS COB-1
najaer ¢ OOEIMHLIM YMHOMEHHeM, a [10J HOPMOH HHCIa TNOHHMAeTCH Ero
MoAynL. B obuem cnyyae JOKasatefsCTBO NPOBOAMTCH COBEPIICHHO aHAJO-
rHYHO.
M3  aroit npocroil TeopeMbl MOMCHO BHIBECTH P/ MHTEDECHMX chejcTamil
OTHOCHTENLHO KBAPATYPHHEIX H HHTEPNOAAUMOHHEX (HOPMYJ HA HEKOTOPHX
gaaccax yuxumi, manpumep W3 (1), EF (%) H: (%Y.
Mycrs, nanpuMep, K — npocrpaserso JHHEAHLIX HEOPEPHIBHBIX (DYHKIHO:
wanos Haj Kaaccam Wi (*) —knaccom |-mepmopmdeckux (pymrumi, passa-|
oa P

raiomuaxes 8 pag Pypee f(x) = E ame?™ms ¢ gopmodi [P = : | em P% %8
—o —00

Torjga 3JeMenTHl K wor VT GHITh OT IeCTBASHE! ¢ OOCAEHOBATCALHOCTAMIY

bm-tas Tlyere: s =i

o
= (s s Coa e o o)s mpinem]Th® = X len |

* 3necs u ganee mo= max (I, |m
1042
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Aownagm Aragemun nave CCCP
1961, Tom 141, M 8

anavenus. IMycms

JOHOM
CHPOBaHE

i

PACCMATPHBARTCA [1POHIBOABHKI

ac
roabHeld napannenenunen.

Teopema 1. Mar enexmpatvron ghyrrnen 0 (P, O onepanmar Lara

. MHIEHKHH o

K BONIPOCY Ob YTOYHEHMM OUEHKH 1)
EKTPAJIbHOH ®YHKLIMH OMEPATOPA JIAMJIACA

3
CROAL YEodHD Maiaa  oxpec CIID

([l pedemasaeno axadesmuros H. I'. Hemposckumn 30 VI 19671)
TiLs AACACTHATIEUT 2 RO L0
mowky Q = J"i‘.t i

How: renbeTso. He orpannausan ofmrocrd llokazatenncrea, pace
[ePHLIH Napajenenunes co croponasms [0a,] (r=1,2,..., NL
: PORBOTO Kpaesoro ycnoeua 1-ro poja.

IMH (PYHKIHAME 3a0aul Au 4 Ay =0, o lp =10 B sTom cayuae

A hyHIKIH:

A,

P u @, npunagne
KOODAHHATAMH X,
1 NpHoGperaeT BHA
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Hograapgm Axapemun nayx CCCP
1904, Tom 165, N &

MATEMATHEKA

. M. KHJERKHH

0 NPHBJIMXEHHOM PEUHIEHHH 3AJAYH JHPHXJIE IJ1A
YPABHEHH#A JIAIJIACA

B enmumanom s-mepHom kybe G (0<<x <1,i=1,2,...,9) ¢
muuedl I' paccmaTtpubaerca sanaua Jmpnxae paa ypassenus Jlannaca

A =0, ulp=mp)

rae Gynkuna ¢ (o) =@ (%5, . . ., %) [0 Henpepuisna na I

lleasio nactosmedi paGorst ABAfercs NpHOAKeHHoe peienyte 3afaun (1).
HarecTro, 4T0 B NPOHABOALHON BRYTPEHHEH Touke P peulenye sanauy (1) mom-
HO NpeitTABHTE B BHIE

u(P) =— '\'\q- (o) g

P K (P, o) do, (@

TOGK

s1. M. )XHJIEMKHH npi-

JYIAET

O NPUBJIMXEHHOM PEHIEHUH 3AJAYHU JUPHXJIE IAJIA ecan

X5) €

YPABHEHHS JIAIIJIACA

(I1pedemasaeno axademuxon IT, C. Hosuxossim 23 XII 1963)

|.C (g s = oy 1) | = ————
e

rae my = max (1, | my[).
Onpeneany Gynkumio ¥ (x¥) paseHcTBOM

] o
= =1 X Sasl gy
T (x) = (2a — 1) Caoyy [z —=A
1 0BO3HANHM HEPE3: Py (X3, - oy Xegy Xupgs o - o4 Xs) PAIHOCTH
PR vy g O Kyt = tencin) == (X, creimic Xy By Mdps = =5 Xu)
H uepes R — norpeminocTs NpHGIEMENHOrO pPelienins 3ajaun (1.
Myers Q (B, . - ., E) — miobaa Touka G;; P (%, . . ., %) — NPOH3BOJL-
Hast BayTpesnas Touxa. Ilycrs minmin (x, | — %) > 8 > 0.

154
Brexen dynimno A (P, Q)
Finl(P, Q) =
o {.QL 5 [FEg — p2* — By (rhe — P — - - - —Ba (Fho — P¥)), rre < s

0 rpg = P.

=

999
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Hoxzanw Avsapgpewnn nmays [CCCP
1958, Tom 122, M 3

MATEMATHKA
A, M, NOJIOCYEB

06 OJIHOW 3AJAYE PABHOMEPHOIO PACNPEJAEJEHHA
CUCTEMbL Y HEKLIMA

1. M. KopoGopa o6o6manTcs MHOFOMEPHEE
saflauil PARHOMEPHOTO pacnpeielienns cHeTeM (hyHKInA, SBJISIOUNXCA NPOH3Be-

jenuen nokasate/broll yHKuKN Ha  MHOrowied, KOTOPBIE PACCMOTPEHH HM B
padore (*). B o B COPMYIHPOBANHON NIUKE TEOpeME! JIEHHT

B HacT OAWEeH CTATHE METY

A. M. TIOJIOCYEB

M 5 npo-

06 OJHON 3AJAYE PABHOMEPHOI'O PACIPEJEJIEHHS

CHUCTEMbI ®YHKLHWH

&, rne
g

(Ipedcmaeaeno axadesmuxom H. M. Bunozpadoseim 22 V 1958 ) ;
Kanm J10-

S . .

Myl

KOHENHOPasHOCTHOrD ypaspenus (1),

Bynes npeanosardts, 410 AAf KAMAOTO v KOPHH hyg, hugy oo .y N, Pas-
v

max |hy| BHnoAHAIOTCH Hepa-

JHNHBE H 9TO AR BeAHuHH A, = Ay 1 0,

BEHCTBA
N>l <l oppr =l 20, 5
Takum ofpasom, npu n, =1 h,— uenoe uucho; npe n, =2 h, — uncao [uso,
Bregesm caenviouie ofosHauennn:

1) = — mioGoe menoe 4WHCJAO, YAORATROPAIOULEE YCJOBHAM

B (x + F) = &y (x) (mod py), = =0(mod p.),
e 1 paGorm (*).)
Y — LENOYHCEHHE  MHOTOYJEeH CTe

2) ()= 4-bx 4. ..
il

AeHd Ry, He paBuwil ToMJecTBeHno WYMo mo modp, v=1, 2, .
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1058, Tom 123, M 3

MATEMATHK A
A. M. NOJIOCYEB

O PABHOMEPHOM PACMPEJEJIEHHHM CHCTEMbI & YHKLIMA,
ABNAIOWEACS PEWEHWEM CUCTEMBbI JIMHEHHBIX
KOHEYHOPA3HOCTHBIX YPABHEHHHA NMEPBOr0 NOPSOK A

([pedemasaeno axadesurcn H, M. Bunocpadoews 28 VI 1958)

IMycts cuctema dynkumi gy (x), ..., %, (%) ABARETCA pelleHHeM caegyio-
} Wel cHeTeMbl S AMNEfiNBIX  KOMEHHOPA3HOCTHRIX ypaBkemufl nepsoro nopazKa
¢ unennvp KosbhuunenTamn

A. M. NOJIOCYEB

O PABHOMEPHOM PACNPEJIEJIEHHU CUCTEMBbI ®YHKLIHA,
ABJISIOUEACS PELUEHUEM CHUCTEMbl JIMHEAHBIX

KOHEYHOPA3HOCTHBIX YPABHEHWH NEPBOro norPsiikA

(11pedemasaeno axademuxom H. M. Bumcepadcesim 28 VI 1958) efr
S— FabRUMEPRU DACHPDEACJEeHHON B S-MEPHOM NnpocTpaH-
cThe, eCTH

(em.: (M).

Teopema |. Cucmesa PURKGUE @y (X), . oy %, (%), Seamoancs peuwie-
Hues cucrmenst (1), pasnosepwo pacnpedescna & s-meprom npocmparcmese,
ECAU HU OOUM U3 KOPRED  XAPAKMEPUCTIUNECKO20

MHO2tMACHG MOT G I_'::|
RO MOOYA0 HE pased SOUNULE o eCAl oan

Awbuea eunepryba efsema |vl co
CIOONGMi,  napaiiesosi il COOPOUMOMNSAM - OC]M, HeauroMm  Aexaiyeso
GHYmMpU eOUNUYR020 euneprya (3), SNMADAHREMER COOMHOLIERLE

2de ¢ — MEKOMOPAas NOCMosHHas,

Jlna nokasareawkolt diyikumy nopoGuasn Teopema Owiia panee JoKasaHa
H. H. Wannpo-Mareukum (%) u A. . [octankonsn (9.

Moassyacs Teopemoit 1, MoMHO JoKasaTs chopMyanpoBainylo Huxke Teo-
pemy 2.
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Jdoragm Asapgemnn maysx CCCP
1955, Tow 104, N 2

A. M. MMOJIOCYEB

MHOTOMEPHBIH CAYYAH HEYJAYUYIIAEMbIX OLUEHOK
TPHIOHOMETPHUECKHX CYMM C MOKA3ATEJ/bHBIMH
PYHKUHIMHA
(I pedemasacno axadesuxon H, M. Bunorpadoswa 23 V 1953)

B pa6ore (') H. M. KopoGos mokasan, WTo ANA BCAKOR Kak YrojHe
ME/IEHHD cTpemsmefica k GeckoneunocTH QYHRKUHH 3 (p) NpA p—o0 R JK-
e . . e o

A. M. MMOJIOCYEB

MHOTOMEPHBIN CJYYAW HEYJYYIIAEMbIX OLEHOK
TPUTOHOMETPHUYECKHUX CYMM C MOKA3ATEJIbHbIMH

PYHKLUHUSIMHU

(I1pedemas.aeno axademuxom H. M. Bunozpadossimu 28 V 1955)

IF}Z[’H P AN0OM Hedosm N =—1

e ™ xp o ) 0, s>2 (1
exp2ri Y —————=0, s§>=2,
- = pler—1)

r=N41 ¥

S=

Hokaszateabcrso. Ecaus(l) nomomute X =N+ x, + X% ...%, T

Al L B LA e e

exp 2:1’3 M L — @)
QY —

L2k 27 play—N

Coraacuo onpefesenn =, A48 Beskoro ueaoro 22> 0 q:"}'?:l (mod p,).

Cysmupyn no k or 0 10 Xs%y. .. Se1Sysr - - Tp— 1, OOAYIHM
T

T B & e 7 S
gy —1

v

.= (mod p)

=, (mod (g»—1)). (3

e BT — = W (i Bl W AL R







.M3BECTHSA AKAZEMWI HAVE CCCP

CepHaN MATOMOTHUCCKRS
23 (1950}, 815422

Wy, H. HAXOB

Jinm woucaRol ox o
OHALM BOT THOCTeR (HEpO FLSTHCIOM . PO A I I
MH) CTPONTCA B OITCRG EMATHP YRS 00 KOHOUNAR NoCae1on-

TENLMOOTE dunion, O ¥ d ACRATOILHOCT JACTCH HORCTPYH-
A EROP ML Mo Y OOCTCROBATeNLAOCTH JHAKOR,

0. H. IIAXOB

UMHTALIUN ITPOCTENIINX MAPROBCKUX HPOIECCOB

(II pedemasaeno axademunos W, M, Bunorpajgossmv)

ETRYET THHAH NOCTeLORATOILEHOCTE AHAKOD
A Wl B

NTO NOJAYUOIIecH 03 o¢ COoCefnx SHaRoR < AHAMHEIX 9ncea

CORTEAIAIOT ¢ MHOH{OC
wABHOCTL (1) HAZMBAETCR HOPMAJRHON TePAOIIMecKON CHCTOMON Il CHeTe-
WOT P

B patore (') yxasanm meobXofnMue K JOCTATOMHEE YCAOBHS, HPH ROTO-
pAX Ha MEOReCTRe [, BOIMOMIIN HOPMAJILHKE HepHofuueckne cuetTemer, [Tpn-
pepen mx. Hasopesm chctemu amanos Pp...Pa—y 0 Pa.. B nt— 1-amauEEMn
YCTAMIT, BXOAHILEME B N-8HATHOS 900 3me | Bn- Hasonem, naxee,
0 — 1-3HAMHOE HHEXO BXOUMIOM B A, e oHO BXOANT XO0TA 6 B OOHO
P-SHAMHOD SHCEO, 1HE Walies MEOAWRCTRY 47,

TEOPEMA KOPOBOBA. Ha snoxeemee I, mozia u moavko moeda
BOAMONMCHE CHCTMEME Py, K0200 GRNOARSIOMCR  CAeGYI0mNe YEAOSA ROAROMN 1L

MAFnoOCm:




Hosanpm Axaagesmun nayx CCCP
1961. Tom 136, M 6

MATEMATHIR

0. H. LWAXOB

Hacrosmuan patora nochauleHa BOMPOCAM NMPHOMIKENHOTO PEleHHA e |
HWX HHTErpansHux ypaswenud Boasteppa Il poma. Oramune noaysa
ek peaysinTata ot patot (%,%) COCTONT B TOM, HTO NOPSAOK OWEHKH PAIF
MEMKILY HCTHHHEIM H  NPHOJIHIKEHHBIM PEICHHAMH YAYYUIAeTCS ¢ yBeande |
FAAAKOCTH #Apa W csoGopHOrD wieHa, ITo AOCTHrAeTCA NPHMEHeHHeM Mt

noasuHeaEsx Gopuya B, C. PaGenkkoro (%), noctpoeHRBIX € NOMOULLIO Ten

ynrg

H:_" H. LUAK{)B MEHHBLY

O NMPUBJIMKEHHOM PEINEHHH YPABHEHHW BOJIbTEPPA

i1 POOA METOJOM HMTEPALIHH

(Il pedemasaeno axadesmuxom H. M. Buwoepadossim 8 X 1960)

Byaem roeopurte, 410 Ha saMkuyToll s-MepHoll obaactu [ by KL
Fxy, ..., x) npunapnesur kaacey Hi(C), ecam npu (X, .... %)
nponssomise o F (%5, ..., X))ot .. 0xs", e O k=Caos, 0= i
T, -7, = R, HenpepuBHLI M OFPAHHYEHE [0 MOAVAW KOHCTAHTOH (
Heckoavko sugouamenns nntepnossunonise popmyast B. €. Pafe
KOTO NPHMEHHTENLHO K HALIHM LWeisM.

Myers FEHT na eanuuupoM s-MepHoM kyoe. Ha wybe —'/g=Cxy,
% BeefeM yAKuHI  F (X, ..., %) Takywo, uto F e H

Teveosy XSt W F{xy, ..., 2Y=Flx, ..., x0 0
= 1.

Ha orpeske [0, 1] bBeeaem dyHkumo T(r), YAOBASTBOPSIOILYIO CAem
ILHM  YCJOBHAM:

1) dt(0) /dx" = d"t (1)) da* =0, k=0,

2) T(x) | nph Y, < x < 2,

3) npouasopnas d'v(x)/dx’ wenpepuiua.

B pansueitiem GyneM npeanosarath T (X) NEPHOAHHMECKH NPOLOJAEH
Ha BCIO OCh.

* B TeX cAyuaRx, KOraa mer neoGXoauMocTn ykaampats Koucranty €, Gyaem nec
npocro EX w HE.

B0z
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Hogaanm Arxanemmn nayr CCCP
1963, Tom 148, M\ 2

a

MATEMATHE
— 0

B. M. COJIOgOB

O MOrPELIHOCTH YHCJAEHHOTO MHTEFPHPOBAHM sI

([ pedemaosene axadesmunom A. A dopodnuysinwm @ VI 1962)

B pabote nosyuena HeyaydinacMan B cabione NOPAAKA OUeHKa NOrpeHoe
SHCACHHOTD HHTErPHPOBAHUA A5l HEKOTOpOro Kaacca (yHkuui. MeToan nos
HEHWS pesynbTaTOR TaKkue e, Kak B padorax H. M. KopoGosa (1,%). |

Qyurnune f (x;, ..., %) NPEATIONaraioTca  NepHOAHYECKHMH, © neprom
PABHEIM EAHHKLE N0 KaXI0H H3 NepeMeHHEIX, H PA3NaraloUHMHCA B a6Co0
cxoiAmmiica pag Oypse: 1|'

"
Filreica ) = o y s Mg)exp 200 (myx 4. L L 4+ me)ll

B. M. COJIOAOB

O MOrPEIIHOCTH YUCJIEHHOTO WHTETPUPOBAHM S
(M pedcmasaero axademurom A. A. Hopoduuysitsin 9 VII 1962)

nacey £

& HEABIX MMy, . . ., My He npesocxodum ¢, (s) g.

HoKasaTeabeToo N0 HEAYKIHH. )

Jdemma 2. MMycme p = s — npoomoe. Cyuecmayem yeaoe a (1 < a<}
Mmakoe, wmo cpasMenue my 4-am, 4. . . da—im, = 0 (mod p) He wmeen
petuenin, KpoMe mpusudastozo, & obaacmu (2) ¢ g < [se, ($)1-'p. |

Hokasarenwcrno Beenlem ofioanauenme

[1, ecam n 0 (mod p),

LY
AR =0, ecni h == 0 (mod p).

Jlemma yTeepmuaer, wro npu HekoTopoMm a
v
}; b (mty +amy J-... 4 a* tmy) = 0,
(2}
=3 e
rae ) osnauaer CYMMHpOBARHE N0 o6nacTH (2), nekmouan nabop (Mmy, . .., m)=

2
= (0, ..., 0). BuGepem a u3s ycnonusn
2:' 8 (my +amy, +... 4 aim) = min :‘_} 8, (my 4 zmg4 . .. 4 2*—im,).
e 1<2<0 ()
{4
2584
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Noxaaam Axagemnun naywx CCCP

1959, Towm 1 N4

B macromuedl paGore AN NOJYHEHHS KBAJPaTYPHRHIX opMys NPHMEHAIOTCH

aboraunwe H, M. KopoGossm (%, *). Kpome 1070, CYHICCTBEHHO

statel Yenra v Hena (Y) B dopMe, €XOAHOR C TOH. KOTO-

Bai npHMenHe : Xey u Juua ().
] BL‘I:J,"‘\' B k

BCKHMH © PHOAOM,  PaBHBIM

j'ﬁl'l-']l'.'l."‘:' MHCH B Hﬁl‘lj,‘ﬂ(l'l']lu CXOAMIIIHHCH

. Xy) TpEaNOaralTeH  nepuoall-
elunHHue no A, H W3 NEPeEMenHnLIX,
] paa Pyphe:

o
5 v g
] it Xy

B. M. COJIOA0B
O BbBIYUCJIEHUHW KPATHBIX WHTEIPAJIOB

(ITpedecmasaeno axkadexuxom H. M. Buroepadosmm 25 VI [953)

N > § — npocToe YHCAO0 |1F.‘|!Jv!!.u!m1 " Ly T vo2

ropema | il ghymigud (X, X)), HO0SACHBOPAIUILY b

uya nopAadka

F{®yy oo 2a)—F (X500 = (% — _r',J'-' o ket —— R

cupaecoalian  oueHKg

AN |
LSy (ML) | =

1

) SN F e ) dEy

|0 o

die A zagucum moasko om s
HokasarenscTpo. Cornaceo Teopeme Yenra w Yena (%),

wiofiennem Teopemsl 3urmyHaa (%), enpaBeAnuBO PaBEHCTHEO

sBAAoWLecs

Flsissidn)— e adn= 00 X} CAr—,
e | 0x,..., x)= 1 n A 38BHCHT TONLKO OT S.







Cepus MATEMATHYSCKA
30 (1986), 188—208

VIR 511
A. A. KAPAILYBA

TEOPEMBI O CPE[HEM H TOJHBIE TPArOHOMETPIMECKIE
CYMMBI

B oraree MCCABIVETCH Bonpoc ofi oHeREAX T aciMroTaecKE hopsyTax
UIH U ill:lllnrllllﬁ oUpeLNISILARX CHOTHM I'll:"il]li‘lii!i’i.

Boejenue

Haxomenine TOMHEX ONEE0K SeXATIH T w1t Ny, (ofo3paveni cm. Hi-

PR

A. A. KAPATIYBA

TEOPEMBI O CPEJJHEM H IIOJIHBIE TPUTOHOMETPIYIECRUE
CYMMBI

B crarse necaeayerca sompoc of oneHRax u acumnroTudeckux opmynax
A YECAA pelnenuii onpeeneHHbIX CHETEM cpaBHeHHH.

|p“
k= 4ntlnn (TeopeMa O CPeHEM), T T T T eSS g 1151

f 1
phlero #pjia ¢ OOHIGRAKIM MuQRITENeM eXP |~ s ln ) smecto

/

1 3 = o s
axp {_ —+In P}, soropuil mepronaiaibug Gun moayaen T, Beiizew, Hpouxe

TOr0, H3 CEOeIl TROPEMEL 0 CPOAHeM M. M. Bumorpajion BLBed aCHMITOTILIECKYIO
doparyiy B npebaeme Bapmira mpu k= 4ni® Inn, a Xya Jlo-xeu n K. K. Map-
RANEIBI HCTOARS0BAIN BTY TEOPEMY IPH PEIHeii upoGaem Tappn, T
fepra — KaMmie 1 50 MHOTHX moofsrx npofaeMax.

Sajaua of ONEHKEe BOLLTIR Ny CHOMRHES, TeM Bajaud ofi onenge Sy, o, TAK
Wk anech OPUXOIMTCH  YUHTLIBATE apudmerieckyo HpHPOAY Mogyaeit
Uity = s Gy OT ROTOPHIX CYI[ECTHEIEO samstenT Ny, n. Hpome Toro, Ha ONeHKR
Ny, o XOTH GBL 060 OROFD HAGOPA MOAYICH Fraty « « - o Gn TP r A n cpasy me
cagIyer BymHan oneura Jy, n, T. e, TEOpEMA O CPeAHEM JWIH CHCTeML YpPaB-
LTI

BonpocaMn, CHA3AHHRMI ¢ OMEHKAMI Ny, n B WX IPHIOHEHHAME K PanHo-
JANLHBIM TPHEOHOMETPITACKIM CYMMAM, SQHUMAACH H. M. HopotGor (°).







A

O CHCTEMAX CPABHEHNN

B crarse neeqegyercs Bompoe
HeHII ONpPeeJeEsoro Bua.

———-HM3BECTUA AKANEMIU_HANK CCPp

CepHus MATEMATHUCCOK A

Ao AL RAPAILYBA
O CHCTEMAX CPABHEII

B orarne seonmgyeres sompoe off ononke e porennit cneres

O paRE-
TUMIGE oI PeeTsIHONG  BEm.

Pacescorprist cncremy cpasmemit:

KAPAI[YBA

00 OLEHKe YHCIA PONIOHHIE cHeTeM cpas-

— 2 x ' - 9 -
X exp e lahy + o o aaka) < Ny

§derno omennts cauay. JlefcTmireaso, saMeTM, 9TO B CHOTEMO [1) nep-
f CpaBReHEil — ypannemmsm.

Noaromy A, Gyayr MesfaTeca B CAeMYIOIET
HNTLAX !

— kP" < ), EP", wv= 0 d =

Taxum oGpaaom, mMoesm:
P = X N s o ) G NS,

b P
n

rir-1]

L A @RAYTE B







MU3BECTHUA ARAZTEMUH HAVK CCCP ~

Cepua MareMaTHYeCKaN

28 (1804), 287248

A. A, RAPAIIYEA

TPUTOHOMETPIYIECKAE CYMMbBI CIIEUAJIBHOIO BIJIA
H NX [MPHJI0OYKEHNA

B uwacrommeds crathe sevogosm M. M. Ergorpajons onenanakTes Tpm-
FOHOMOTPMUCCING  CYMMEL CHEOWATILHOPO BRAR T NOAYYeHNNe ONeHKE DpE-
MEHAIOTCH K HMCCHUJOPRHNE rpamnnum myvael L-papos Jlnpuxae mo Moy,
PARNOMY CTONCHN HpOCTOND SHCHN.

Beenem caemyromue oG03Hagemin: i, Ky £, Ty, < o «s Yav o - oy Moy Rgp o ooy By
Py oo @, Qo NN, .. . — HedIHE MONOEATEABING TUCTA, P — HPO-
i’cro-.- TUEA0, @, 04, . . . — "FACTA, MOAYAL KOTOPHX HO npesccxoger 1; e,

no-

A. A. KAPAILYBA rrcn

cna

TPUT'OHOMETPMYECKUE CYMMBI CHEIUAJIBHOTO BHJIA
H "X IIPNJIOYREHUA

(1)

s v=A4,2
P - -
Yepea Niiw (Agy -« ., Ay) OGOZHATEM wHGXO pemerni oroift cucremur. HNoas-
WACH OUSBMIHEIM PABEHCTHOM

[0, scnm = — mence mucns, z == 0,

1
ot ==
S = = |1, ecim z = 0,

(]

waygaeM amannrmaeckyno dopmyny mas NP (A, .. A
1 1
o : () o e =eedie \
i R S T (NI | i P
a o

o
i E genflmicr. . Aapah)

X

Ocoonume cpofiersa semwsmr Vi) (Ay, . . ., &) [om. ()1
BNy - o) S NIEH0) . vy ),




MATEMATHYECKHI CBOPHIIR

N 10

MOCKBA. 1961




MATEMATH “KHA CBOPHME

lMpoGaema Tappm ANA CHCTEMBbI CpaBHEHMIt
A. A. KapauyGa (Mocksa)
§ 1. Tyers n, k, P, x, y — ueasie qucha u fy (P)— uncno pewlesnii cHCTEME

fpanHesHit

+ Un,

MpoGaema Tappu Aas CHCTEMBbI CPABHEHHM

A. A. Kapauyb6a (Mocksa)

—
lim P 5 In(P) = 6.5,

Psco
me' peanumiel B, 1 S, onpejencHbl PABEHCTBAMN:

L | & ”
o o AP R

. [\ dx | dB;

B, =

(2) cxopmren npu & > n® - n, TAK

Imm e noxazano, wro wurerpan (1) m pax
TONLBKO OT N W l‘:'

W0 peanunnbl B, B S, ARIMIOTCA NOCTOAHNLIMK, 38BHCAILIMA
ﬁplr AOKAFTENLCTHE STOTD  YTBEDHACHHA CYLIECTBEHHO HCNOALIYETCH TeopeMa
b cpesnem M ouenkn cymm Beflan meropom H. M. Bunorpagosa |1].
B patiore (4] H. M. KopoGos aoka3zan cneiyiouyio teopemy:
Teopema. Myeme n, R, r, q, T & P —yeasz qucad, i
-t P> % 2P < g < 2kPTT. Toda

ORI E

Kaoausm: |l <cr<sn; v =1k >n"
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Aragevunn nayw CCCP
t 1

FOIR -511.9 MATEMATHRA

. HAPAIIYBA

ACHMIITOTHYIECKHAE @OPMVJILI
I HEROTOPOT'O RKITACCA TPATOHOMETPHYECKHX CYMM

B crarse nonyuena aceMurormueckan dlopMysa NuA HeROToporo kiacca
PEFOHOMETPHIECKHY CYMM, TOIBOAAIOMAA CYANTL O MOBOICHIT MOAYIA TA
X CYMM ¢ WAMeHeHneM AHTE A CYMMIPORAHIA
Bymem ymorpefasts cuepyoimme ofoauawenns: n, m, f, P, a MeaRIe
geaa, n = 20; r— semecreennoe wameao, 1 = r==01n; t = n; P P

me wwcxo, (a, p) =
eemnt x =0 (mod n),

ecan r==0 (mod r).

A, A, HAPAITYBA
ACHMOTOTHYECKRE ®OPMYJIbBI

I HEROTOPOTO RITACCA TPHTOHOMETPNYECKHUX CYMM

(lpedcrasaeno avademurom H, M. Bunozpadosum 22 X 1965

v=12,...,8

Gt —1)=10, 4 =0,

tfns=r/n;

Pre=pr =, s=={i/fr
S = pi—rin L f}{_pl Lk

ABR A0RAZATEALCTRA TEOPEME HYRHA (Y07 CALYIONAN Jerna,
| Jdevama. U,’.rc‘r_r.— g=p™ m=n+ 1, {ay, P} ==...= (8n1s, B} =1;
=q, 1=r=00n; f(z) = az+ apz® ...+ gapre", Pacemorpus
WOMOMETDURCCRI I CYMMI!
F . f(z
) exp 2mi it
= ¥
Tozda umeer mecro oyenna

|8e]| = e
= () — aficoararime BORCTAHTHL.

ATENLCTROD ATOC0 YyThepKNenuA cofepmures 8 ('), erp. 239,
reopes. 1. Pacemorpum cymmy

TR
Hoxa
lokasarenscrno
P w1
8 =% exp2ni Ll ':bﬂ —]-.
S il




C 1 cbeBpansa 1988 roga H. M. KopoboB no npurnalleHuto
Aponbda MNMasnoBnya HOWKeBnYa Havdan paboTaTb B cekTope
NCTOPUN MaTeMaTUKN MHCTUTYTa UCTOPUN €CTEeCTBO3ZHaHNUA U
TexHukun PAH nMm. C. A. BaBunnosa. CoTpyaoHn4ecTso Hnkonas
Muxannosnya ¢ MIHCTUTYTOM He TOJIbKO HE MpeKpaTusio ero
TEeOPEeTUKO-4YNCNOBbIX NCCIefoBaHUN, HO U pacLUMPUIIO UX 3a
CYET UCTOPUYECKNX aCMEeKTOB.

On February 1, 1988 N. M. Korobov began to work at the
mathematical history department of Vavilov Natural History
and Technics Institute of Russian Academy of Sciences by
offer of Adolf Pavlovich Uyshkevich. Korobov’'s cooperation with
Institute didn’t finish his number-theoretic research but extended
his research thanks to using of historical knowledge base.




PaboTbl Hnkonasa Muxamnnosmnda Kopobosa B obnactu
NCTOPUN MAaTEMATUKUN Takne, Kak «O TeopeTUKo-4nC/10BbIX
MeTomax npubsan>XeHHoro uHrerpmpoBaHusa» (1994) n «O
TeoOpPEeTUKO-4YUCITIOBbIX UHTEPNOJIALUOHHbLIX (pbopMysiax>
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Teopumn 4mncen.

The interesting researches into history of mathematical
analysis and theory of numbers appeared after Korobov’s
publications in the field of mathematical history «About
number-theoretic methods of approximate integration»
(1994) and «About number-theoretic interpolation
formulas» (2001).




B nocnegHue roabl XXNU3HN
Hukonan Muxannosmny Kopo6bos:
pa3pabaTbiBan HOBblE
HanpaBJ/IeHUa NccaenoBaHUNM Mo
Pa3BUTUIO TEOPETUKO-4YNCIIOBOIO
MeToda - cneuunasibHble
MnoJINMHOMbI U KOMOMHUPOBaHHbIE
CeTKH

In his last years
Nikolay Mikhailovich Korobov
worked up the new research
directions for development of
number-theoretic method - special
polynomials and combined
frames

POCCHICKAS AKAEMHWSA HAVK

MATEMATUYECKHUE
3AMETKHA

OTHENLILIA OTTHCK)




B nocnienHune roabl XXU3HU
Hukonanm Muxannosmn4 Kopobos:
pa3pabaTbiBas HOBbIE
HarnpaB/IeHNA NccnenoBaHUM Mo
PA3BUTUIO TEOPETUKO-HYNCIIOBOr0
MeToda - cneuunasibHble
MnoJINMHOMbI U KOMOMHUPOBaHHbIE
CeTKu
In his last years
Nikolay Mikhailovich Korobov
worked up the new research
directions for development of
number-theoretic method - special
polynomials and combined
frames

MaTemaTuueckue 3ameTku
Toum 55 Buinvek 2 seapans 1994

KBANPATYPHLIE $#0OPMYIILI
C KOMBEMHVMPOBAHHBIMY CETKAMM

H.M. KopoGon
PacemoTpum kpampatypHyio GopMmyny, NOCTPOSHHYIO ¢ MOMOLLEIO COTKM
M(E(k),..., (k) (k=1,2,...,N):
1 1 | 2
j; /D fzr, .. 2.)dzy .. . dr, = E;;Z_‘T,r{e}{k) ..... £k — Rl f]
) (m

Bynem npeanoaarats, yre fyHKIMA f NpuHaiiesuT Kaaccy E2(C), T.e. ko-
apdrmmentsl ee pana Pypoe

co
Fl21, o 2R )= z C(?nt,,,,Ims]ez""("‘"I=l+-"+M.J.<'!-
I -

YAORNETHRORAIOT YCAOBMAM
C

|C(my, ..., m, = )

raea > 1, T = max(l, m) u C - xoncTanTa, He 3aBMCANIAR OT iy T R,
Onpenenvm Benmauny §,(a) pasencraa M
5,(a) {!_. ecan a = (0 (mod p),
pla) =
0, ecmma # 0 (mod p).

Henste a; = ay(p),...,a, = a,(p) HA3KIBAIOTCA onmMULAMALbH LMY w0 sfgfu-
Yuenmamy ne Modyaw p, ecnu npu HekoTopom # = B(s) mna Geckoneunoit
NoCTeNoRaTeNsHOCTH HATYPANLHLIX P BLITOTHEeHA ollenKa

-1 A
Pzr dplaymy + -+ a,my,) - In“p

. Ty ... T,
Mgy My=—(p—1) B

1 =l

CYMMHPOBAHHE } ' NPOROIHTCA MO WEMBM My, . .., Ms HE PABHM OIHOBPEMEHHO
HYyI

@ H. M. KoroRon 1
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pa3pabaTbiBasl HOBbIE T ] Gty
HanpaBJI€HUS NCccaenoBaHMN Mo e (3] - o s N =0,

——— - SRR AT
pPasBu TroPEMA 1. ITycms p npobezaem nocaedo8ameasrocms NPoCcmuls “u-

MY cea. Cywecmayom ONMUMAAbNbLE KOIPPuyuenmsl ay, ..., as MaAxUe, ¥mo
MOJINMH{ 015 2106020 & > 1 8BLROANIIOMCH 0YERKU

o0

Z Jp(a1m1+---+a3?’Hs) & (lnp)a(r_l) (r: 1,2.,...
c T e p°

ml,...,m,g="00

Nikg

WOrH zde cymma Y, <pacnpocmpanena na cucmembl yeads (mq,...
di depucaujue POSHO T EAUNUN T, OMAUYHHL OM HYAS.
Irec : S

number-theoretic method - special “““’“(;:Z“‘"( |
S SR~ i  plmiz A mast),

polynomials and combined TR R T S ®

CHe CYMML 3 . PACIpOCTPAHeHE] Ha CHCTEME! UeJBIX 1My, . .., Ty, YAOBIETRO-
r PAIONME YCAOBIMIO Ty, . .., Ty < 1 M cONepXalme poREo 7 BeNWHMH M OT-
a m eS JivHEIX o1 myna. yers #1,.. ., Zp — MEPeCTAHOBKA YHMCEN 1.2,...,p, npH KO-

TOopo#

o(n) < - < olzp).
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KBAOPATYPHBIE $OPMYILI C KOMBUHNPOBAHHBIMH CETKAMH
Torma, oueBMIHO,

2 E I
o(rep) S 557 X ) SRy 200
v:e-;—j #=1

P
:ﬁTzﬂ X Dbl pomgat)
=17

Tyt 21
25
=Ty E 1.
- "
P+ Ty T
Orcioaa, 3aMedan, YTo

>, 1=cC] Zr

T T Sy 1€<my...my<ty

1<CT- 27 te(l+nt,)" 7,

MO Y M

s
P r oar fl4Intoyr=1
L Of + 27 ( < 1.
o) < ) 2 : [+Inp
Cnenonatensio, o{z) = - = ofzpp1) = 0mgr 2t (r=1,2,...,6),ur0
2
cosnamaer ¢ yreepxaesmem (4). Heme ay, ..., a, (3) GyayT onTHMAaILHEIMKI
koG dMIMeHTAMK IO MOIYNIO P, TAK KaK 1A HAX BENIONHACTCHA JOCTATOUROES
yenorme onTumansaoctr (em. [3]):
= min P —
% 15\-5.’?' In""'p
INoxames, 9T0 CYIMECTBYIOT ONTHMANLHEIE Ko hdrumenTsl Bruaa (3), ymos-
neTRopMIoNmME yonosuaM (4), Takue, 4TO npw i, ONpeneseHHLIX PaBEHCTHA-
M (5), BLIMONHAETCA OLUEHK A

e oo 1
00(2}=:Zlguyr+i Zr
r=1wv= o

1o TiEs < 2V e

Sp(myz 4o+ myzt) < 1. (6)

TlelficTBUTEBHO, OIEHMM MUHMMATLHYIO CYMMY 0g($) ee CpeIHiM 3HaueHu-
&M Mo #, YAOBAETBOPMONIM yeaosrmm (4):

, o -
oola) = m‘inau(:) < ﬁg aolz;) € 7 gan(z)

(pBy(m) () +9)
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BriffepeM onTUMaibHble KO3QHMIDIEHTH ay, . . ., @, TAK, yToBkEl BEIMONHAANMCE
CpaBHeHMA
ap=a,...,as =a’ (mod p)

11 OBOIHAUMM coOTRETCTBYOIMe cyMyul (2) wepes o, (a) (r=1,2,...,5). Tax
KaK gy = iy, TO

Orciona, 3aMeqad, 410
gev — gv  gla—1lv 5 gr ,rdl

HHEe TeopPeMEL:
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wvmu t; copemn 1. Tozda ﬂfcffft) N Jﬁ
pa3pabaTbiBas HOBbIE

wnoc a; nyproil fopacyan
o j f flza,. .z )day .. :_Tzf(g%)—ﬂx[ﬂ
HallpaBJeHUA NCCJIeNoBaHWW 10 Snsons st -
Pa3Bu CnenctBME. ITycms by, ...,b, — anwbble r uz vucea o, . . .,
md meopsouur ycaosusm meopemot 1. Tozda npu f € EX(C) u N = p 0ax
nozpewnocmu xe8adpamypnot gopmyant
nonnud e

1 1 1 i blk brk
/[]“-_/.0 f(xls'-'uz?‘)dml---dmﬂ":F;f('_ﬁa"w N)“RN[f}

N | kC BUNOAHANMCH OYECHKU

as, ydosae-

(In N)>(7=1)
T ., 8). (7)
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WOH‘ RN[f] <

LTI a—’i} —Rn[A (8)
n P
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T (ml SRR ms) p

Hanpea

a3BWU
P TEOPEMA 2. ITycms p - npocmoe, (n,p) =1 u N = n’p. Fcau onmu-
MY ransnsie xoappuyuenmsl aq,...,a, ydosaemaopsom ycaosuwo (2), n &
MOJIMHQInp u f.€ EX(C), mo das noepewnocmu xeadpamyprot Gopmyabl

1 1
/ / f(z1,. .. z4) dzy ... dz,
0 0

Nikd 1 < " ki ark  ask
- —_ ... - R
workl N;kl,,;s—lf(n * p’ T p ) wlf)

M]yeesyMg=—09

(2)

dired soinoansemes 0y enKa
number;

polyr
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88 .M. KOPOBOB
TOKABATENBCTBO. M3sectro (em. [3]), uronpu f € E¥(C) ans norpem-
HOCTH KBaapaTypHolt dopMyasl (1) BEMOTHASTCA OlleHKA

') ey S(my,. .., m,)
NGRS T )]

My My=—00
rae S(my, ..., m 1,) — TPHUFOHOMETDHHECKME CYMMBI, COOTBETCTRYIONIAE CeTKE
M (& (k), ..., E(k)) (k=1,2,... N}

N
S{my,y . M) = E e2milmaa (ke dmafa(k)]
k=1
B yacTHOCTH, A0A KOMBMHMPOBAHHBIX CETOK
- a 2xif m (-'5-3-+“—1i}.+...4..m (‘_‘-I.+‘1_:£)]
S(my,...,my y= Z Zr?'- m T T e G

Ky ka=1 k=1

[ e YL T

1
n n P
. my k mygk — -
= (Z e.ax-—ln—l) (Z PBW(—“U—A-)E o2
k=1

ky=1 k=1
=N-3u(mi).. 5rt{m_°]'5p(“1m1 + o agm,).

CrenopaTensHo,

Snl(my) .. dn(m)  dplaymy + -+ aymy)
(... 7,)™

Splaymyn+ .- 4 a,m,n)
("m‘lﬁ 1o .':Fﬁ‘;'ﬁ')“’

dplaym + - -+ a;m,)
(M ... 77, )" !

Lyses iz =—00

Orcrona B cuay (2) npu n <€ In p monyuaenm yTHePRASHME TEOPEMEL

. 2 1 1 afr—1) In N)=(s=1)
RN{;‘;«ZF-[“PLC; < Un i,u Z (10)
| :

3{\;\101‘”]\!, YTO OlLICHKAa ( 10) COBTAMNAET C TYHIIMMN W3 M3BECTHRIX OLUEHOK, TIO-
NYHAMMXCA C TOMOLIILIO ONTHUMAJILHLIX NapanielenditelalbHbIX CETOR. Yne-
JIEHHLIE BKCMEPHMEHTHI TOKA3bIBAIOT, HTO B HEKOTOPhIX CAYYaAX (Hanpu,\:cp,
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KBAOPATYPHLIE ®OPMY/IE C KOMEBUHHPOBAHRHEIMIE CETKAMN 89
npu n = 2) kpagparypHue popumy i (8) Tounee KBAIPATYPHEIX GOPMYI € ma-
PanienenuuelalbHEIMK ceTRaMy. Kpome TOro, YMCI0 aAeMEHTAPHEIX apud-
MeTHYeCKHMX onepainii, HeoSxomiMoe AR BEMHCAENMA KO3hIHIMEHTOR KoM-
BMHMpPOBAHHEIX CETOK MO Kpalieil Mepe B 2° pa3 MeHbINe uMela onepatnii, He-
OBXOIMMEIX LA BEIYMCIEHUA KOB)HUIMEHTOR MapaiieNeMNe aihHEIX CeTOK
€ TeM Xe YHCAOM Y3N08,

Hapectro (oM. [4]), uTo npu mioBom peiBope ceTkM KeaapaTypHol hopay-
nul (1) onenka nmorpenmocty (9) AocTUraeTea ANA HeKoTopol dyuxmmm fo €
EZ(C):

RN[fu] =N

MY yees T = — 00

$yurmwuo fo(x; r,) GyueM HA3LEIBATE zpanuynol Pynuwyued knacca
E‘:_'(C). COOTHETCTBYIOWEI ceTke KpaapaTypHolt dopmyns: (1). Jlerko noka-
3aTh, 4TO KaK ANA NapanielelMieialbHbix, Tak U LA KOMOHMHMPOBAHHBIX Ce-
TOK rpaHMuHan GyHKIDAA He 3aBMCHT OT CETKH M OTIpENelHeTCA PAREHCTBOM

oo edmilmyryd - dmaz,)
Jo(z1,.. ., z,)=C Z

i =7, Yo
Ty yen g Py = = 0 () ... T, )

Ilpy nenom 4weTHOM @ 3TY GYHKIGO MOMHO BHIPAIWTH Yepe3 NPOM3BeIeHHe
nomomos Bepuynnu. B wactroct, npu C = 1 m o = 2 nonywm

H(!+ Z ):f{(uz-#-ﬂz{rn).

r=1 M=o v=1

s e?ram:,

roe Ba(z) =z —z + é. — BTOpo# noaunom Bepuyaan. CooTseTcrento nna

MOrPeUHOCTH KBanpaTy pHoH dopMy s ¢ KoMBuHMposauoi ceTkod puna

M({ﬂ+ﬂ}{ﬁ+ﬁ}), N =n?p,
n p n p

k=1,2,...,p, kv = 1,2,...,n, (n,p) = 1, Gyner BLNOARATLCA PABEHCTBO

(SN [+ B m({EE)]

(11)
Cornacuo Teopeme 2, CYIIECTBYeT 3HAUCHME z = @, IPH KOTOPOM BLINOIHASTCA
OIlCHKA

Rulflo=—1+ - Z

(In N)2(s=1)

Rylfol < N




B nocnegHue roabl XXNU3HN
Hukonan Muxannosmny Kopo6bos:
pa3pabaTbiBan HOBblE
HanpaBJ/IeHUa NccaenoBaHUNM Mo
Pa3BUTUIO TEOPETUKO-4YNCIIOBOIO
MeToda - cneuunasibHble
MnoJINMHOMbI U KOMOMHUPOBaHHbIE
CeTKH

In his last years
Nikolay Mikhailovich Korobov
worked up the new research
directions for development of
number-theoretic method - special
polynomials and combined
frames

90 HM KOPOBOB
QOueBrIHOo, Takad #e oneHka pesanuniel v [ fo] ByneT cnpaseanusa U8 MUHK-
AaNBHOTO 3HAMEHUA Npanoi yacty pasenctea (11). Caenoparensio, BuIGHpan

GIHO M3 TEX 3HAYCHMH 2 NP KOTOPBIX JOCTHUCASTCA MHHMMYM CYMMBI
1 272 2%k
23 [+ e ({(ZD]- [+ e {EED).

ABI NOMYYaeM YI0DHEI aNropuT™M HAXOMASHUH ONTHMANBHBIX
a, nns uoml"muupoaamﬂ.rx CeTOK B Teopeme 2.

roabhdHULMEHTOR

HucTrTy T MCTOpPHH eCTECTBOIHANMA Mocrynuao
wrexuukn PAH 15.11.93
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51. ChnenmajbHBIE NOJTHHOMEL

ycrbn 20,p 2 2 LeLIE ¥ TpH Mooy AeicTBMTeaLHOM & umena Py,
‘ : e ' K" W noauaoM Py, () onpeaenens pageHcTsamm

PFo=1, CpPu+ -+ CpH Py =0 (n21),

I n h iS Ia St yea rS » Py(z) =1, Py(z)=PRoCl ++++ PuoiCr+ Py (n21).

TCHAA, B HACTHOCTH, MOV YM

Nikolay Mikhailovich Korobov ST e

-1 1 2 -1
Pilz) =z - L —. Paz)= 51:” - E.r + P—_ —,

worked up the new research L gris dre

directions for development of

number-theoretic method - special Ly P

Pol0) =Py (n20).

I ] l d b ] d - f f
I SAKOMH () wepes A f(z) Gyaem 0B03HAMATE €0 KOHEYHY
polynomials and combpine  ansiniil gm0 w8 Bymiecssiicn s simen
Af(z) = f(z +1) = f(2).

frames S
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HanpaBieHUsA UccaemoBaHUn No G e opeints
Pa3BUTUIO TEOPETUKO-YNCSIOBOrO =5 2 20,

(2715 _ 1

MeTOda - cnewunalibHblée Hekcromenuio, Tax Kax

ACE =02 (n21),

no”"HoMb’ " KoM6"H"poBa HHb’e T0 paseHeTso 17 HenocpencTEeHEO cnenyeT w3 onpenenedma (1):
APu(z) = A(BCE + -+ 4+ Py CL 4+ Py)

CeTK" = P[)C_:f b R f"n..QC}_ + Pn_1=Pa_1(2).
. Papencrea 2° ouesmmibie caexcrena 1% u (3):
In his last years

=1 r—1

S Pafz) =Y APnjal2) = Paga(a) = Pagy,
z=0 z=0

I

Nikolay Mikhailovich Korobov B ) P Pors .

=0

WO rke d u p t h e n eW re Se a rC h Jokamenm pasencteo 37, Tak kax

Pilz) =z - ‘¥
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polyn omia IS a nd Com bin ed Cymapyano z ot 0 oo 2 — 1, B cuny nepeoro u2 paseHcts 2° noaydum

CplPrsa(z) = Pogr] + -+ CF P Py (z) — ] = pC2TY.

' ra m eS Cormacuo onpenenenmo wacen P,

CpPass -+ CF LR + O+ =0,

To 3°, ovemiLmo, sunodrseTca npu i = 1. [prvemsor maayxiono. Tlyern
|]'.1]_|t'I—|(:IBt'} 36 CIIPABEITIMED TIPK HEKOTOPOM 1 2‘ ]Z
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CpPus1(®) + -+ + Cpt Py(x) + O Y2 Po(a) = pCT Y,

uenM cBOCTBO 3° noKazano.

pa3pabaTbiBan HOBblE
Hokanewm pasencrso 4°, PacemoTpum enepea caywait n = 0. Torm
HanpaBieHNs NCCIef0BaHNI MO S T ST R DA
p—1 Imil sl p—1 i (E)m
Pa3BUTUIO TEOPETUKO-YNCJIOBOIrO e Y !
wen pasescTso 47 nokazano maa no = 0. [pmvemma maaykmno. [lycrs
€[, p4+n~—1], z € [0,p+n—2] u pasencrao 4° 10Ka3aHO 1A HEKOTOPOTO

MeToda - cneumasibHble
Zr_""i{_” il

MOJIMHOMBI N KOMGMHMPOBaHHble
CeTK" JTCHONA, HOLS 11} WM M3 PABCHCTE l‘_’a.l'.[fJél_\'qu\!
AR —z—;.---—zz

_,[
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80

PaccMoTprs TENepL CBAH MEAUTY CIIeIMATLHEIMH MOTHHOMAMM M 10 JMHO-
sani Bepsyamn. Hanossing, gro unena v noausoms: Bepayanu onpenens-
IOTCH PABCHOTEAMM

By=1, CliiBn+-- + Ol B+ OBy =0 (n21),
By(x) =1, Balr)=CpBoz™ +---+CI 1B, gz + By (n21).

B uactaoctn

1 1
B = ~3 b’g;a_ Ba =10,
1 1
3 Balx) =12 — 1+ 5
3.9 1
Bs(z) =3 - §.r“ + 51

Bilz) =z —

[Tpueeney HEKOTOPLIE M3BECTHEE CBOMHCTBA MoauHOMOB Depy

0, ecomn #1;
B, (1) = Bn(0) = { = i
1, ecomn =

(n=0),
1
B (2) = nBu_1(x), f Bulz)de=0 (n=1).
Jo

,':1_.'}1[ CIOLMANLHLIX [TOIMHOMOB AHAJ0rOM 3THX CBONCTE ABJAAITCH CROMCT

8a (3), 1° n2°:

1y 0, ccmun # 1
[P (p) - !-‘,,[Hg]: (n20),
Pt 1, ecrun =1

p—1
AP (2) = Pa_1(x), 2_ Pa(z) =0 (n = 1)
=2=0

()Gian 0CHOBA THX AHAJOTHIT COCTONT B 3aMeHe HEeMpepLIBHLIX 0D LEKTOR HaA
MACK PETHLIC: MPOu: y A3HOCTH, MHTErPAJOR Ha KOHCHHLIS
cyanl, paaos Byp 1 KO : TIp amn Bypoe.

TpuBedeM e HeKOTOPLIE TORKASCTRA HENOCPEACTBCHNO CACAVIONME 13
puaa noamHomos Py (x) n Bu(z) (r =1,2,3):
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Myverenpur = 1,2, ... nsemromn A, (1) Onpeacness ToXACCTBOM

pa3pabaTbiBas HOBbIE

3asetin, yro unena A, (n) (acna CTupmmra) yIORASTBOPAIOT COOTHOIIE-

HallpaBJIEHNA nccnenoBaHMM Nno Al 1) = i) At

Agln) = Agaq(n) =0, A1(n) =1,
p a 3 B M T M m T e O p eT M K O - ‘-I M C J-I O B O r O VOPOIAKOHIMM BLtmcaeHte KoSddunmentos pasnomens (6).
I TroreEMmA 1. fipun = 1 cnpasedauen pasencmao

‘ TEOPEMA 1. [Ipun > 1 enpasedauso pasencmaeo
MOJIUH

p”+13n+1(§) - Br1

n+1

PBs(2) - By

n!Pnii1(z) = A1(n) 3 :

— oot Ap(n)

zde A, (n) — wuecaa Cmupaunea, a B, u B,(x) coomeememeenno wucaa
U TTOAUHOMBL BI’:’-'pHyﬂﬂﬂ..

WOrkKeoup tre TTew TESEarcn
directions for development of

number-theoretic method - special
polynomials and combined
frames

Nikg

TO W3 (T) caenyer,yro

r—1
} crey

[i] MaTemaT MUECHME 3ANMEKRN, Tom 2 (1996)
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r=1
P Z Cp: = Payi(pz) — Pusa.
z=({)

[okaxem Teneps, 4T0 OpM MODLIX HATYPATILHEE 1 W T CHPABLLIMBO pa-
BEHCTBO

n!(Prs1(p2) — Pagi) = As(n)p
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CNEUHANBHBIE TOJTHHOMLI H HX [IF

NeficTeurennto, cornacho (9) u (6), nomyun

z—1
! Pugr(pz) = Prt1) = pr.:ips 1} (pz=n+1)
=0

z—1 -1
= Ay(n)p"*! Z 2" — ek Ap(n)p® Z z:
=0 z=0)

z=-1
Z R B, ii(z) — Buyi
= ErT——
z=l vl
caenyer pasencTso (10).
Papencreo nommonmos (10}, noxkasanxoe i HATYpaALHLE T, DymeT, ove-
BILIHO, CIPABEATMBO M NPH MPOM3BOALHLEY 3HaveHMAx ¢. Samemm 8 (10)
E.

+lBJI+1{}.I-} 2 Bn+1
n+1
Ba(Z) - By

+ .-1,,[?;.];;3 = J‘Q

uf(f“n‘l[.cl Pryi) = Aj(n)p”

(11)

[poBooA CYyMMHPOBAHNE 0 T W NOAL3YACH BTOPLIM U3 paseHcTs 2°, momywm

sy Bry1(Z
—rlpPgy = l (.‘lj(_n_]jr”"l Pl{p}'
=0

n+1

Br+1

,B2(%) — B2
+ A, (n)p? ‘_2 —)

p=1 X
By =y 1-3.(1).
F Tgl [ 2/

n+l _ g 2 _q
Py = .-11[”]”—8”.“ L - .-ln{.'.‘]f—’-_z—.fi-z.

n+1

HMonerapnas .'}’m’r pesyabTaT B paseHcTeo (11), noavuaesm yreepicienie Te- xL 3

opemul. ~/

[itd
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Monsayacs ceoficToonm 4°, MOMKHO YCTAHOBHTE BHI NPOM3BOAAIIAY dyHicndl
s wicen Py M CHelManLHLX TOIMHOMOB!

20

pr s = n
(t+1)p—1" 2B
L

=0
pt(t +1)* = £ T
ﬂ-f_;-_-]}J_'--—_[ = Z_;]P,,L..’]l 3

[\'EH\' ne f'}'l_\"i:!{‘ MOAUHOMOB Et‘p}i\\'i'{.‘lﬁ, HMCNOALI0BAHWE TPOM3BOLAIE 1‘._!_\'!!“-
I 3HAMMTEALHO VIIPOIIACT M3VHeHNEe CBOHCTE H1ees £, ¥ CIeIMaNbHLIX To-
auuomos ().

52. HHTepnmonanmoHHBIE (GOPMYJIEI

B aroum naparpade paceMaTpHBAIOTCA HYHKIMM § TEPEMEHHLIX, ONpene-
AEHHBIE B PALMOHAMALHLIX TOMKAX ¢ 00O 3HaMeHaTe e p = 2:

e
—) DLz €r—-1 (¥=1,2,....8):
]

Ipi s = 1 HApADY ¢ NPHHATLIM paxes ODO3HAYCHHEM KOHEUHON Pa3HOCTH
I’]_\';'II-‘.\[ MOALIOBATLCH ( Ir)(J.'i}l'rl‘dlt’ill'UnE[-l

()= G) )15 ()

Koseunyio pa3gocTL IOPAAKA 7L 2 1 onpeneumM ¢ IOMOILI0 PEKYPPeHTHOrO

)=+ ((3)

COOTHOIIEHHA
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Ber
yet

T e
A f( S

I
AL (ﬂ_-f'z
7 \P P

Ananormuno ONPEneTIOTCA KOHEMHBE DA3HOCTH VA (YHKIMI MEOPUX nepe-
MEHHBIX.

JEMMA 2. Hyems fynnyus fff,] onpedeaena das yeass T u uMeem
nepuod pasuuil p. Tozda dax awbozo namypoasvnozo n ewnoAHAemCHA
PasEHCINED

T l“_!— k {—1)”_”’_] k+z+1-nY_
P f(—) pATil s R (—)r k).
(3) =5t () B (M)
JOKA3ATENLCTRO. Honuayacs npeobpazosammest Abess
p-1 p=1 p=1 ke
S F(k)e(k) = F(p) ): plk) — > (Flk+1) - F(F) 3 wlz)
k=0 k=0 k=0 =0
npu F(k) = f(* { ) uip(k) = 1, nomywm
p—1 p=1 P
k+zx ] 4+ T
SICOROR RICE
k=0 2 P k=0 P
B enny nepyomtmocTy dyasimm f( i,} CNPABELTHEEL PABEHCTEA
=1 p=1 =1 P
k+zx k 1. k+zx 3
) = = A 2 =0
A )26k 505
k=0 k=0 k=0

Momayacs 3THMM PABCHCTBANMMH, TOXYIHM 13 (12)

AN 152 vk 1823 1./ k+2 i Pl
&) =325 (-5
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Y k=0
+

ZA IILJ' T+1— )L‘!
--Fam f(fri)(;,ﬁ,.i-u.. P
k=0 P
p-1 T
i Z Auﬂ:f(k_i i‘ ‘E)Pn-l-ilzk}'
: r
k=0
(;ﬂ:"r'm:raaim’r Pe3yALTAT B pabeHcTso | 13), noaywood
(-=1) :
6)-1E0)- --—-—z-wf(- et

e nemma 2 iokasana ana moboron 2 1.

Onpenemns HyHKINM @y, () ¢ TOMONLIO PABEHCTB

¢n(z) = (~1)™ ,({:*;;;J}) (n=12..), (14)

rae { Z2=1} — apoGuan nons wena HEI=1,
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3. Hyemv dywxyus f( }’L
i U3 NEPEMENHNT T1,. ..,

I,

HoKASATENLCTBO. [lokamewm, yro VTBCPAIEHME JIeMMLL 2 MOMKHO 3a8-

MUCaTh B BUAE

eNLHO, coraacko (14)
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w3 £17) nc

ytvdaeM pagescTso (16):

1 p-1

552Gt

p=1
AJF(J§+ r41 - z)f )

k=0

=;§f(;)
(2}

pa3Bu
M€
MoJiInH{

TEOPEMA 2. Ilycmv a@ 2 2 — wemnoe, n

YUELHMO8 a1, . ..
hopmyana

,as Pagem s.

4| g
f(—,...
P

Nikg
worl]
direc

(1/2, f(ylv---:-ys) -

nepuoduveckad Pynryug uz xaacca HE u undexc onmumanvunz xoadgu-
Tozda cnpasedausa UNMEPNOAAUULOHNAA

(@ ask‘)
p’ D

)+ O(p~ " In°" p).
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frames

JTOKA3ATENBCTBO, Cornacuo teopewe 28 w3 [2] mnn
tymxuit f € HY n
LHOHHLA

pi ueTHOM & = 4 M n = a/2 cnpasennuBa METEpPRONA-
hopayra

NEPHOIAYECKME
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CHEUMAALHLIE NOJHHOMBLI M HX NPHAOMCEHHA i

3nect Fh T Tk CMEeINAHHLIE YACTHLIE TPOM3BOIHLe hyHRIMM f nopamxa
nn+---+nrg M

Jlero BUAETE, HTO MHTEPIOIALA0HHAS BOPMYTIA TEOPLMDL 2 ABIATCA KO-
HEMHEDM AHAI0TOM MHTepnoaamosHoi dopayaut (20). Jokazatenscrso Teo-
PeMLL 2 npeacTasiaeT coDoi BoCADBHOS MNOBTOPCHNUE AOKAZATEALCTEA TRODE-
mid 28 iTuposanioit paboTi ¢ 3aMeroii B HeM KPATHLIX HETETPANOB HA KPaT-
HEIE CYMMLL, CMEITAHHLIX YaCTHLIX MPOH3B0OIHLIX f * Ha CMelIaHHLIe
KOHEYHLIE Pas#ocTis AT R f nanog Gypre na koneunsie pamt $ypre u
nomHoMos Bepuynmm By, (1) #a cnemsansnsie nonvsons Py (x).

JeitcTeuTensHo, cneppa yHeX TAEMCA B TOM, 4TO B JIeMMe 3 (yHRIMA

St i (AR = y

)
P/ oo
npusanaesknT kaacey E7 . 3azea, npunenas k cymve
1 p=1 ;
ok ..y'””"'”?‘f('
3 E :
I =0
popuyny npubamxeHsoro cysymposanud (18}, u3 pasencrea (13) noayuaem
VTEEPHK ACHME TEOPEMEL 2,
3AMEYAHUE. Jlnatoro, yrobe: ¢ nomommio gopaya ( 20) npubmorenso
BLIMMCINTL PyHEIM0O f B mobolt 13 p* Touek paBHOMEPHOH CoTKM

" Ts
(—' —) Oz, €p=1 (¥=1,2,...,8)

HEeOOXOAMMO 3HATL HE TOJILKO 3HAYCHUA PYHEIDM f B CHEeLMANLHO BLIDDAHHLIX
PTOYKAX, HO M 3HAYCHUA B 3THX TOUKAX €€ YACTHLIX NPoM3pomHLix f171

B ormrate 0T 3TOr0 METEPIONALMOREAA dopyyaa (19), nonyuennan B Teope-
ME 2, NPH TOM e YMCe CAaraesux B npubimokanmei cyyme, Tpebyer mm.
3HAHHA HEGIJHHIIT:L". SHAYEHMIE I11_‘|'HHL'LH}| Jr M HE HVAHAeTCA B 3HAHWW 3HAYe-
awit ee npouasomHLx. JIpyrind NpeusymecTEOM HHTePOo Ao dopuy-
aut (19) ABNAETCA TO, YTO OHA CIPABEAMMBA HE TOALKO IPH YeTHRIX a = 4, AO
wnpma = 2.

Huernryr neropim
ecTecTEOIHARMA 1 TexmEn PAH

Comcox nurepaTyphbl

[1] Kopofies H. M. O sexotopurx sonpocax Teopsss modastosux npubnmxendi [/
¥MH. 1967. T. 22. Ne3. C. 83-118.

[2] Kopofios H. M. Teopetuxouncosue Metom s npufimoxensos anamoe. M.: $us-
saTrus, 1963,
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YEBHBIIIEBCKNI CBOPHUK
Tom 1 (2001)

Tpyaw IV Mexaynapomaol kondepenunn
«CorpemMeHHbIe TIPoBIeMbl TEOPHN YHCEN U €8 MPUACKEeHUs»

MK 511.9.

O HEKOTOPHIX CBOVICTBAX CHEUWAJIBHBIX
MOJIMHOMOB

H. M. Kopobos (r. Mocksa)

B eratie [1] Gron oeegenms cneuwaisine wnena Py w nosmiomst Polx), u na
HPHMEPE HITEPROASUHK hYHKUHA MHOPHX HepeMeHHBIX NOKAIAHA WX pOfih B 3aid-
uax npuimckennoro anannza, B nactosied paGoTe paccMATPHBAKTCA MPOHIBOLS-
e hyHKIEH CIeNHAnbiE THCET # NOJHHOMOR, YCTAHARINBAIOTCA HORKE CBAIH
nogunomon Bepuynm ¢ noausonami Pr(x) # BrBoanTes HekoTopsle croficTra ciie-
UHANBHBIX HCEA W TOTHHOMOB.

§1. IMpomzsoasime dbyHKINN

Tlpupeaenm npe:mxae Beero HeobxogpMbie CERCICHHS W3 paloTh |]| Ynena Py
nonwHoMbl Prp(x) onpenensiores ¢ noMolibio COOTHOUIEHN i

Po=1, C,',P..“-...+C:”P0.:E¥ = } m>1) )

Polx) =1, Palx]=PeCl+ ...+ P 1Ci+ Py
HenocpeAcTReNHO H3 ONPEIeIeHH W ¢ TOMONIEK HECAOAHON HILLYKIHHE TOAYMaTes
CACAYIONHE PABEHCTRA:

1° Pn(0) =P, APq(x) = Paoilx) (m21), !
p—1 x=1
22 Y Palz)=0 (n21), ¥ Pulz)=Ponlx}=Poy (n=0),

=0 paer :
3 Polx)=1,  ClPalx)+...+ CMPG(x) =pCD  (n>1), ()
4¢ Tpu wenom x € [0,p +n—12]
w1 i E
Palx) == 3 T;.-w——ﬁ-ez'“ﬂ‘ (n20).
e e —1)n
M) 1

B pafiore [1] oTmeseno, wTo ¢ nomonmio choficTea 4° MOEHO NOAYYHTL CREIYIO-
HiHe TPOHIROATHIIHG Y HKIMH A CNeLHATEHEIX HHeed B NOAHHOMOR:

Pt v m
s e nzmpnt 2 (3)

"Yepea Af(x) ofioanauaetes KORETRAR PAIHOCTE dyskmnn f{x) © WATOM, DADNBIM CaOmuiLe:
Affx) = flx 4+ 1) — f(x).
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t{t+ 1) = o
Tf+1—}v-}'_1 - _Zjnmt ! (4)

Tak kax, cornacro 1°, Po(0) = Py, To npu x = 0 pasencrso (3) cneayer w3z (4).
Jlia noxazatenseTea yThepiaenns (4) kpose croficTea 4° nonanoebuTes cieqyoman
JeMna.

JIEMMA 1. MMyems veaoe p 2 2, 2y,..., 2, - xopHy ypasuenus 2P =1 ut > 1.
Toada npux = 1,2, ..., P 6WHNOAHRETICR PAGEHCIIGE

=— ; (3)
== P —
it 2 t t 1
JOKASATENLCTBO. Tax kak z8 = 1, To BHNOIHASTC! PABEHCTRO
1

P ZB P
ga- T.:ZL\.—I.'

=l

1
v=12 ...,
3 { r)
ABTAOTCH KOPHAMH VPaBHEHHA
(1+tz)P =27
W, MTO TO #eE, KOPHAMH YpasHeHaus

(tP=1)2P+ptt 2P '+ L+ 1 =0

Ho roraa, no Teopeme Buera,
L 1 pt!
; z,—t  tP—1"
OBoznatm Jesyro YacTe paseHeTsa (5) vepes O(x):
Loz
O(x) = ; ey

Torga uz (6) w (7) momy=mm
pt!
tP—1
W, 3Ha4NT, papencreo (3) pmnonnsercs npu x = p, [Npumennym mugyxauo. [ycrs
% 2 1 W yTREpAIEHHE NeMME JOKASARO TPH HEKOTOPOM X £ P!
.pll—'l

Oix) = e (8)

Op)=-
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MeToOa - crneuuvasibHbie Ox~1) = {0lx 1——1.:1‘?.

HeM YTReDHIeHHE JIEMMBL JOKA3aH0 1A 11006oro uenoro x W3 weTepsana 1 < x < p.

no”"HOMb’ " KOMGMHMPOBaHHb’e TeoPEMA 1. fyems p = 2 yeaoe w 0 < t < Zsinj—’:. Tozda npu x =

0 sy P — | sunosnnemen pasencmao (4):

cCeTKu "‘“1“ 5 putor.

JIOKABATENLCTBO. Cor. soficrey 4° npux = 0,1,...,p—1 Bunonuserca

e pabeHcTBo aaa O(x—1):

In his last years praes —

Pilii=—y i >1).
W=-3 o 2 ©

]n

Nikolay Mikhailovich Korobov e netant
worked up the new research e T F
directions for development of zwzz[—i]

number-theoretic method - special N Z .o ""“Z(Z- ),
polynomials and combined IR i
frames z‘* e

e —(t+1) [t+l}D—I‘
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cnpaperymsoe npn x =0,1,..., p—1mnt >0 Tlogcranmsis 370 pABEHCTBO B COOT-
nomenne (10), nonysaeM yTRepaIeHHe Teopemst 1:

o0 p=1 2 mlxsll x
Z Po(x)t™ =_‘_Z Z’:m P - ptit+1) ]
o e —(t+1) (1P

3AMEYAHHE. [locne Toro, Kak pHA NPOHIBOIANER HYHKINH CTEIWATEHEY M0-
AWHOMOB YeTAHOBJEH, AoKasaTenscTho pasedcrsa (4) ana moboro uenoro x = 0
MOMKHO NOJYYHTE CORCEM NMPOCTO.

JleHeTBHTENBHO, MPH QOCTATOMHO MATOM NONMKHTENEHOM t pa3noKuM BYHKLIHIO

ptit+1)*

ik t+1)p =1

B [ N0 CTelleH M :

pHLHT & .
(t+Tp—1 :Zuq"{"“ '

Tax wak . o
ptit+1)0  p(1+Cit+... +CEF'Ww' 4+ 1%)

{t+1P=1" CL+C2t+...+Cptp24tp-1

To wz (11) caenyer, ‘o
PII+CH+..  +C + %) =

oy
=3 Quix)(C)+Cot+...+ CE P24 P,
=0

ITpupanuuean )(DﬁclxbwuuenTN NpH OIHHAKOBLIX CTENEHAX L, MOMYyuHM
Qolx) =1, CpQuix)+...+Cp"'Qolx) =pCy  (n21).

STH paBEHCTBA, OHEBHIHO, SMHHCTREeRHEIM obpazonm onpeaenator dyskumn Qy(x).
Cornacno 3° Takne e paseHcTsa BEIMOAHANOTCS L noanHoMos Pa(x):

Pofx} =1, CpPalx}+...+ Cp*'Polx) =pC} m=1.
Chenoeatennno,
Quix) =Pu(x) (n=20)
H W3 (I 1) mostywaem yTHepMIeHHE TeopeMul:

pHE+1) _ n
e+ TP = 2 POt
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§2. C oitcTea uncen P, m nommmomos P, { )

B srom maparpade p ZonoJHenne K ceoiic 1 1°—4°,
{2},110_ 1B HOBHIE CROACTRA 5 5 M 0K b -'mPTm MBI O CHIIAX TOIHHOMOR

Bepiya B nlX] co cnenpaneABIME NOAREOMaME P, : J
Mok .mcei_ 9T0 npH T 2= | cnpaBejuTHEE PABEHCT

5% Pulp—x)=(=1)"Pulx + n—2),
6° Pulx +p)— Pulx) =pC} '.

7 Pa+ClPi+... +COTiPL+ Py —EHP|

8 P, +{C 4 C Pz +[L

JeficranTenkuo, cormacko ceoiictey 4%, npn x = 0,1,
PaBeHCTRG

3-:' ptmt i
Palx) =— — e,
I
ma (€777 =17
CregomaTensto, nppr0<x<p—Tunz=1
elnl%

Pl
Palx+n—2)=-%_ o
&= —_

m=1

=1 2 2mim

=_>:i T 1)re

efHed CYMME T HA P — T MUY 'THM DABEHCTRO ?

Pt

Pl
Palx+n-=-2)= —Z——E_z;:_—n’ng

(1—e

ZAMEYAHHE. ITpr meverHom N B

HeitcTenTenasno, cornacio 5°

Palp—x%) = =Pn{x+n—-2) n=1 (mad 2).

—
Oreiona, Tak Kak npu x = f%’“

+n—2
D—X=>¢+T‘L—2=L

3 .
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nomyuaem pasencrso (11).
Hoxaxkem parencTeo 6° Tak kak, corsacuo (4),

= n_ PHE+1)*
{__;\P"Mt e e

70 npH tenom x = 0 nogyuHM

- n PEHIEH1P*P —(t4+1)9
E}“’n[x‘*ﬂ)] = Po(x)]t™ = —'Ti]‘,—_".l—'- =

=pt{t-+ 1) =p(t+ CLlt* + ...+ CH*).
[Mpupasiuaas KosdhUUMERTR TPH GIHHAKORKX cTenenax t, TPHXCANM K paReHCTRY
6
Pulx +p) = Pafx) =pCl~" [(n21).
TMpescie, bem nepeliTa K AokadaTeascTny cooficTn 77 i 8%, saMeTHM, 9T0 onpe-
JefenHe cneuHansimx dneen Py (em. (1)) Momuo 3anncath B prge

(p=1){p=2)...(p=m}

-1
Pl PR el “Mpe=0 (n21).

2 (n+1}!

Oreioga enegyer, wro npy n 2 0 Py - noauHoMm oT P, CTENeHb KOTOPHMX He
npeeocxoanT 1. B yacTHooTH,

p?—1
24

(PP-Dp*—19) , _ = 1)(p?—9)
720 PO 480

Pa=1,

Py=

DTH UPHMEPR NO3BOITIOT NPeANOIOKHTE, YT0 npH 1L # 1 cTenenb P, paBHa n uim
n — 1, cMOTPA No ToMy, GyIeT TH T YeTHHIM WIH HedeTHEM neaom, Ceolicrso 7°
NOKA3LIBAET, YTO 370 NPeANOIKeHne JefcTBHTENILAD CIPARSLTHRO.

Jokaskem cOOTHOUIERHe 7°:

Pot CuaaPat oo+ ChliPay = (=)™ P (n=1).
JeftcrauTeabio, nepenniies caofictea 1°, 5% u 6° B BHae

1%, Ppsa(x) = PoClH! 4 ... 4+ PoCl + Py,
5% Ppsalp —%) = (—=11"Paix+n—=1),
6°. Prsalx+p) = Puaalx) +pCm.

[Tpu 0 < x < n— 1 u3 6° cnenyer, uTo

Prsalx+p) = Pualx).
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Pasa(p) = (=11 "Prgi (n— 1),

Pa3BUTUIO TEOPETUKO-HNCITOBOI O S e & ey

Pasiln=1) = (=1)"""Pypa.

5
M eTO ﬂl a — Cneu "a”b Hb’e Teneps, nogaras 8 1° x = n—1 H noas3yics pasencTsom (15), Noaysnm cooTHOIE

Hue 7%
Prpln—1)= PZC:-::} +ooot Puc:\_l + Pasny

MoJINMHOMbI U KOMOUHM POBaHHbIE P s e L g, e

Haxonen, nepefiilemM x JOKaZaTenncTsy choficTsa 8%

CeTK" Pn+1=“Z_I(C:--1+C:fl1]|]n---3w=0 (nz1)
In his last years
Nikolay Mikhailovich Korobov N
worked up the new research v
directions for development of S Lt (R0 =122

number-theoretic method - special B il

Prsi(p) = Pasr.

Ca =0,

2n-1
A" (Z CYyPosa + {—l]“PH,) =0
w=(

pOIyn om ia IS a nd Com bin ed e AM(x) - KoHeMHAs PAZHOCTS NOPSAKA T oT hyRKmER f(x):
frameS i\"‘f[x}=§(—l]"cﬁf{x +n—k.
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ﬂpunt.',"[mu CBeJeHHA, HeoOXOOHMBle 105 AANbRefIIero HaloMeHna, nl\_’lf'i'b npH

Nikolay Mikhailovich Korobov N S VI p———

X" = My(n)CL 4 ... + Mu(n)C,

WO rke d u p t h e n eW re Se a rC h Yuena M,(n) (uncna Moprana) yaoR1eTROPAIOT COOTHOITERNAM:
Mo+ 1) =v[My(n) + My(n]],

directions for development of S Wi Mim

fca W NONHHOME BepHYILTH ONpeJeNfiioTesn paBencTBaMu:

number-theoretic method - special E S T e

[i] 1
Bo(x) =1, Bulx)=COBox"+...+ Ci By yx+ B, (n21).

polynomials and combined - :

1
B'=_‘j' Bz=2, Bs=0,

frames B =x-] B =ront]
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W ENA M060To HATYPANBHOTO X W TL 2 | cnpaseiinio PABEHCTRO

%1

Zz,.z Bnl-l[x}_Bnull (19)
n+1

z=1

B paBore [1] 6810 YCTAHORAEHO KAK CHCIHATLHEE TIOMHHOMB! BhIDAKAKTES Te-
pe3 NOAHHOM LI EP]’)I{_\’J‘IILH B !"Jli",'l\\'lﬁﬂlf.’ﬂ TeapeMe NoAYHeHO BblDAKOHWE NOJAWHOMOR
B(EI)HI\'JI.’IM nepes CnelHaThHBe MOTHHOMEL.

TEOPEMA 2. Cnpasedausn caedyouiee pasencmen

Bust(x) = Bust o Pyialx +p) — Pusalx)
n+1 o ; My(n) D '

wean Mopzana, a B, u By(x) wneaa u noaunommn Bepryaan coom-

JOKABATENLCTRO. Mlefictanrennno, ua (18), (19) n 6° rax kak CY
¥# cnepyer, uTo

Br(X) = Bust _ 5~ n_ § p o 5 o
n-1 i =ZMV'nJZCZ:
=1 w=1 z=1

n n
= Z M, (n)CY = ZMVr“]M'
=l vl

Myers npu v =1, 2, ..., n gemwannst Ay(n) (suesa CTupankra nepsore poja)

ONPEIeaeHR TORAECTROM

x(x =1} fx—n4 1) =An)x" — Ag(npx™ "+ ..+ Agnjx. (20)
TeOPEMA 3. flpu n 2 1 cnpasedauan pasencmeo
Prir(x+p)— Pasilx) =

n) 2Bt p iy 2Bale) o aa e aB2R)]
n+1 n 2

unza, a By u By(x) qucia U noaunomu Bepuyaau

JOKABATENLCTEO. Cornacno ceoficrey 6°

Papi(x+p) = Pasalx)

S c.
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CrepopaTensno

n;! [Prsi(x +p) = Puga(x)] = Ay (n)x™ — Ag(n)x™' & Ap(n)x.

Oreiona, NONB3YACE TEM, YTO
= Bypi{x + 1) — Byya(x)  AByia(x)
- v+ TS

NONYHAEN YTBEPHIEHAC TEOPEMEL

3-’\”!‘7“!&&, UTO BRIPAMMEHHE CMEUHATLHRY NOJIHHOMOR Yepes NOARHOME DepHyT
TH, NOAYYEHHOE | p?l.ﬁﬂ'!'[!' Fll BRITOAJAEA0 CAOKICE YoM B TeopeMe 3 W noayHanoct
TYTCM.

flonee CAORHBEM T

CIIUCOK ITUTUPOBAHHOM JINTEPATYPHI

|1] Kopofios H. M. Cneunansuie noamnon
ckue 3annckn. 1996. T. 2. C. 77-89.

Hacruryrt setopun eetecrsoananns i texnnkn uy. C. M. Basnnosa PAH.

Hoerynuwao 30.11.2001 r.

HOMBE ¥ WX npaiaokenun /) Matemaraue-
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GBECT. MOCK. ¥YH-TA. CEP. |. MATEMATHEA. MEXAHMEA, 1963, M 3

MATEMATHEA

VIK 511
H. M. KopoGon
OF ONHOA OUWEHKE A. 0. TENb®OHOA

TlycTs s # n — HaTypalbHBe, dy, .., @z — LeJble, p — NPOCTOE HAH
cTeneHb NpocToro H (4. p)=1 (v=1, 2, .., §). Qnpenennm i, p H P2 €
MNOMOUILIO PABEHCTB

m=max(l, ImD. p= 25| pa=[£]

PaccMoTpHEM cpaBHeHHe
mg+ @ity + o asn,=0 (modp), —pr=m,=<p;, ¥=0,1, ..., s (1)
H CHCTEMY CpaBHeHHHA
ak=k
gl ,‘}(modpj, — Py < e < P v=0,1, ..., 2)
aky =k,
Pewenua my=...=m;=0 # ky=..=Fk:=0 06yieM HasuBaTL TPHBHANLHEIMH.
OfoaHauuM COOTBETCTBEHHO uepes g:(p) © Qs(p) MHHHMaAbBHHE NDPOH3-
BENeHHA Mig..fis W |Bpl..|ks|, rAe MHHHMYM B3AT MO HETPHBHAJIBHEIM pe-
weHnsaM cpasHeduit (1) u (2).

HapecTHo, 4TO NPH NpOCTOoM P AOCTATORHOE YCJAOBHE ONTHMAJBHOCTH
MHOTOMEDHERIX KBaJAPATYPHLIX thopMyn © mapafiefenHnelaNlbHBIMH CeTHA-

B

MOMEeT ORTE NONYYEHD © NOMOUWEBID OUEHKH

Q; (p)
qs(p) = W ‘ (3)

yeravosaennoil A, O. Teawdongom ([1], memma 4 w Teopema 7). B pa-
Gore [2] moxasawo, 4Te pacnpocrpaHende oueHkn (3) Ha cayuail, woraa
F paBHO CTENEHH TNPOCTOTO YHC/Aa, NO3BOAAET MOAYYATh IKOHOMHBIE aJjro-
PHTMBL  [AA BLUMCAeHHS 5§+ |-MepHBIX ORTHMadsBHEX KosddrumenToB
1, ay, ..., a;. B nacrosweii pabGore [aHo [0Ka3aTeJbCTBO OLeHKH (3) aas
mwboro p. paBHOFG CTENCHH ]EpOCTO['Q UHCJSEA,

Jdemma, Myere (a,, p)=1 (v=1, 2, ..., s). Tozda dan awbozo r u3
MUHTEDEaAR lqr.\gs‘ BMNOAHAETCA O@eHKﬂ

Q (p) = p—= Qi {p).
HokasaTeAbeTBO., 3aMeTHM npexie HCEro, 4To Q,(p] < pr. Hef-
CTBHTEALHO, B CHCTEME L‘[‘Pﬂﬂl{f:l[Hl'l

(mod p), —py<ky<p; (4)

3
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vy e € kp=1. Toroa noayuum
Q-(p) = |kg|... || =par=<p".

subepenm pewenne kg,
(5)

Tak Kak nNpH r=3s yTBEpXAEHHE JeMMb TPHBHAJLHO, TO MOMKHO CUH-
TaTh, 4T0 l<r<s—1. PaccMOTpHM cHCTEMY CpaBHEeHM

(mod p), —py<< ke Pa. (6)

Trp) Ry = Rrp

Iyers ko, ..., &, — TO pewrcHHe cHcTeMul (4), AAA KOTOPOTD BeINOAHAETCH

paBeHcTBO
Qe () = | kol ... | Re].

Owuesnano, 4To NPH Takom BbGOpe Rg, .., B, BHOOJIHAIOTCA nepBsie f
cpaBHeHHE cHetemibl (6). Onpegsenns ko Tak, yToOB BHOOAHAJOCHE TaKMWKe
H r+ l-e cpasnense 3TofA cHcremul. Toraa noayuum

Fal J“IL 1 L 1 2 i -

(X

),

Teopema. Ecau p — crenens
1, 2, ..., s), To cnpasedausa oyenka

—
—

q;(p) =

2de Cs= (2s+3)st!,

Nikg

npocrozo 4ucaa u (a,, p)=I1

Q (p)

aTeNIbHO,

Improvea proceaures or

optimum factors evaluation

W

g WM
25+ 3) g

q,(p) = >

i
(25 + 3 p" !
IycTe

P

< (7

q, (P} pyee )

H Mg, .., M; — TO peuleHHe cpasHedds (1), A48 KoToporo AocTHraercs
PaBeHCTBO 4 (p) = Mg...Ms.

PaccmoTpim cHadana cayuai (|myg], .., |ms], p)=1. Tak kak p —
CTefleHs NPOCTOTO 4HCAd, TO XOTA Ol OJHO W3 uMcea |mgl, .., |ms| B3a-
HMHO npocTo ¢ p. Byaem aas onpefeneHHOCTH CYHTaTh, 4To (|mg|, p)=
=1. Bubepem uenwe ¥, H3 HHTEPBAJOB

LA
@ + 3@ p

iy

(8)

v=01, ...,s

0<x, <
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0<ny< p, ayxg— Xy==ry(modp), v=12 ...,5—1,
OrieBRAHO,

COBepLUEeHCTBOBAaJ1 aJiIrOPUTMbI Y ~4

3 a1 /s
|r=|-§E | gl ) — <(s+ E)(Es—iﬁ)'-“q"“{p)p]

my

=)

Bb’ "’"CﬂeH"ﬂ onTMMa”b Hb’x H, CJAEAOBATENBHO, 1 MOMKET NPHHEMATE He Gojee qeM

- g ygede o e
1+2G+ D@2+ pp *<@2s+3) *a"@EPp *

Koa¢¢"u"e"l OB apavennil, TAaK YTO WHCAO Da3jHUHBIX CHCTEM R, M1, .., M- MEHDBIUE, HEM

1 1 1 1 1 1

I — — f— — e - ¥
(2s+3) =g (pp *p'=(2s+3 * g (Pe *.

Tak Kak 4HCAO PASAHYHBIX CHCTEM Xo, ..., Xs HC MEHBILE, HEM

1 1
e L5 = sa 2 gaeil
[(2s 4 3) "4 L;J?n I — (25+ 3) = g (o) p s,
Mg -.. fig

TO HARAYTCH ABE CHCTEMBI
(%0, weey Xs)F=(20", ., %),
KOTOpPHM COOTBETCTBYET OAHA H T4 Ke CHCTeMa 1, Ry, .., M-l
n=tgXy+ ... My, =mgx;+ .. T mX,

In hiS IaSt years ﬂanv)"o_x\-Eﬂvx;_x;{"m’dp): w=1,2 ...,5—01

Onpegennam kg, ..., £ € TOMOLLBIC PABEHCTE

Nikolay Mikhailovich Korobov by oy R

Torna coornomenus (10) npumyT BHL

improved procedures of .
optimum factors evaluation ’ m e
o mo+aimy+ ...+ a.m;=0 (mod p},

m (asho—k:) =0 (mod p).
Tax wax (m,., p)=1, 0

ako=rks (mod p).

Jro cpasieHHe BMecTe co cpasHeHHaAMH (12) nNokasmBaeT, MTO BEAHNHHH
Roy ., ks, ONpeAescHHEE pasesncTsamu (11), oGpasyioT pelienie CHCTEMB

5
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(2). Tokamem, uTo TMoAyucHHOe pewedde Gyner HerpHBHaabHEM. [eficr-
BHTeABHO, B3 (7) u (8) caenyer:

O<x,<p, O<x./<p
¥ B CAydYae TPHBHAABHOro peweHns Omao Gw
ky=10(mod p)
” ke =10 =0,1, ...,8
[oy] =l 2y— %] < p }’) =
uTo npotuBopednt (9). Ho Torna B cuny (8) noayumm

QP <kl ... k| =

o 1—
125+ 3" 9l (n) p
My . Tt
]

% T Py
=@2s+3) g’ mp ¢

= |xo—xg] ... | X — x| <

H, ClefoBaTeNbLHO,

LA )
@+t~ G

q.(p) >

Paccmotpum Tenepe caywait (|mel, ... |m:|, p)=d>1. Ilyets cpe-
OH BEIHYHH Mg, Ms WHCJO OTMHUHBIX OT Hyas pasio r-+1 (l=r=s).
Bynem ans unp;nencnuou_m CHMTETh, 4TO OTAHYHBLI OT HYJAS BeHHYHHE!
my, ..., My, Onpeaennsm my’, ..., M’ # p° ¢ NOMOLIBID PABEHCTE

mg=rmy'd, ..., m=m/"d, p=p'd.

OuesnaHo,
Gs(p) = [my’|...|m." | dr+t, (13)
(lmy"], ..lms|, PY=1, my"+aym" +. ..+ a.m =0 (modp’) (14)
H, CJAEIOBaTeAbHO,
gr(p") = |my’|...|m|.
HonycTHs, HTO HMEET MECTO CTPOroe HepaBeHCTBO
ge(p”) < |my’|... | |.
OGosuauum uepes wy”, ..., m,” To pellenne cpasnenua (l4), aaa kotoporo
gelp'Yy=rig"...m,".
Toraa, cuesHAHO,
mo" +aym” + ...+ am =0 (modp’),
my"d +am"d+.. +am d=0 (modp).

Orcoaa, NOAB3YACE OUEHKOM rﬁicn‘m‘, noJgyqaem
GulP<mod ...md<<my ... mdt =

=q,(p)d M < |mg) ... |my]dH
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wro npotuBopesut (13). Chegoratenso,
gr(p’) = |my’|...|m| (15)
u B cuay (13)
gs(p) =q.-(p")d*". (16)

Tak Kag Mgy .., A — peenue cpasnenns (14), yaosiersopaioulee
yeqosnio (15), n (!m Iy | ], p)=1, TO

& e

AP ———
grip’) = T

(17)
TMokaxem, 410

Q () >-%2. (18)

HefictenTensno, nyetk &', ..., & — TO pelIEHHE CHCTCMB CpaBHEHHH

(19)
a,feéE E
N5 KOTOPOro MOCTHTASTCH PaBEHCTBO
Qr(p') = |k’ |. | B (20)
Tak wax p=p'd, To w3 (19) caeayer, uto
a kod=k d

i (mod p).

akyd =k d
Orciona B enay (20) nonyuaem ouenky (18):

Q. (o) legdl ... | K dl
e dr+

=Q-(p').
Moacrasasia 3ty ouediky s (17) u npumenss aemmy, u3 (16) noayuaem

yTBEPHAEHHE TEOpeMbl:

Qf (p7) d7 L @ (p) Q@ ()
G T GEt T G

9.(p) =

N. M. Korobow
ON AN ESTIMATE OF A. 0. GEL'FOND

The paper deals with Gel'fond inequality used in applications of number theory to
numerical analysis.

CNHCOK JTHTEPATYPBL
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YEBBILIEBCKUI CBOPHUK
Tom 2 (2001)

Tpyawt IV Mexynapoasoit kondepenunun
«CoppemenHple MPoBIeMbl TEOPHH YHCEIT H €€ NPUIIOKEHHAS

YIK 511.9

OIITUMAJIBHBIE KO2®PUITUMEHTHI
A9 KOMBUMHUPOBAHHBIX CETOK
H. M. Hobpososscknit, H. M. Kopobos ( r. Tyaa, r. Mocksa)

[Myers narypanenwe N 2 2, s 2 1 n uensle ay,...,0; B3auMHo npoeteie ¢ N.
MuomecTeo Touex My, = {{ "—g}} (3] (e=0T... N — 1), kak uzpecr-
o (1], crp. 98), Ha3wBALTCA NAapanieNenune aNbHON CeTKOR B HCNOAL3YeTCA 1A
MOCTPOEHHA MHOTOMEPHBIX KBAJpaTyYpHBIX GopMyi BHiA:

j...jf[i]ﬁ:%gf({%}w ,{ﬂ—;fk—'}) — Rnifl,

e Rulfl - norpeinocts keanparypro#i chopmyint.
[To onpeneaennio ([1], crp. 96), ecan qns Geckonewnolt nocnenosarenpioct N
uemnx 4y = 0y(N) (v=1,2,...,s) cymecrsyior koucrants B = B(s) 1 cp = cols)
TaK#e, 4T0 148 QyHKIuM
N=1
L — r—
3 Snfamy + ...+ am,) - (Fy ... -T)

M == (N=1)

BHTIONHACTCH HEPABEHCTBO
In® N

TR
TO LEJIEIE Q1 .. . , Os HASLIBAIOTCH OMTHMANBHEME Koschcuumentamm no Moymo N,

a KOHCTAHTA [ - UX HHIEKCOM.
3pecs U ganee

1)

Snlay,...,a5) € ¢

_ [ 1 npu a = 0(modN),
bn(a) = { 0 npu a # 0(modNJ;

3 ' osmauaer, wro u3 oONACTH CYMMHpOBAHMA HCKMWOMen Hynesolt Habop
(0,...,0), m ana moboro AeHCTBATENLHOIO TN IIOJATAEM
™ = max(1, |ml).
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Paccmorpum ase QyHKOHA

coBepLUeHCTBOBaJl aJIrOPUTMbI o0 =3 [ [1-20 (260 {$2})].

k=1 v=1

BbIYUCIIEHUS ONTHUMaJIbHbIX e -2 ({2

k=1 v=1

Nikg
imf

TEOPEMA 1. Heobzodumvim U 00CMAMONHBIM YCAOBUEM 020, “Mobbl Ue-
ABE A1, ..., ds OBLAU ONMUMAALHUMU KOIPPUUUEHMAMY, ABAAEMCA CYULECTNBO6a-
nue xoncmanm B2 = Ba(s) u ¢z = ca(s) maxuz, wmo oyenxa

TN[G],...,\’IS}-‘E;NIHSN ’{"C}_IRBZN (2}

gbinoanAemca das becxonewrot nocaedosamenvHocmu yeanz N.

IIpu smom ecau swnoanena ouyerka (2), mo xaxcdwl nabop xospduyuenmos
Qjy--r @i, (1 <91 < ... < e € 8),t 2 2 bydem onmumasavnvim ¢ undexcom
max(t+ Bz —s, t).

YCAOBHEM
ABAACTCH

YHEIH pe-

bnobn ye-
Qiecmaosa-

(2)

=)

LU UEHTTION
undexcom

OTe 3AHH-
CHCTEMBL

Optiﬂ?mm ) SN,

3uavenue UMEHHD TaKHx HABOPOB onTuManbuex kosdduupentos ans komGunupo-

ranisix ceTok (oM. [2])

Mk = ({25 5] {2 )

(k=0,1,....N=Tky, ..., ke =0,1,...,M—1),

(3)

rae M - npon3BOABHOE HATYDAIBHOE, BIANMHO npocToe ¢ N, onpenenderca caemy-

rouelt Teopemoit.
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TeEOPEMA 2. Ecau onmumaashne xosfdunuenmes ay, ..., a, ydosaemeopaom
yeaoswo (8), M << InN u f € E¥(C), mo daz nozpewnocmu Ry [f] xeadpamyp-

notl giopmyant
1 1

[i"i i

BbI4 )

Tn(ag,...,as)

< NIn®N. (3)

TEOPEMA 2. Ecau onmumanvteie xo3pduyuermol ay,. .., as ydosaemeopaom
yeaosuro (8), M << InN u f € E¥(C), mo dan nozpewrnocmu Ryms[f] xeadpamyp-

HOU hopmyadl

“mee Lt

k=0 k'l » )k&'
EBNOAHAEMCA OUEHKA

IRnms[fl] <<

In®** N

(NMs)=

oM (agay

CMOT=

(6)
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44 H. M. JIOBPOBOJIBCKHIA, H. M. KOPOEOB

rae  (10) < (jA) € (sh—1);

=1
Tv=-5 X T ™

arg=1

J\,‘[[‘U[)H'!‘M BRYHCIIEHHA BEJHYHH yp Qg COCTONT B NMOCHEAOBATENLHOM
BRIYHCIACHHH OT MEHBIIErD Hasepﬂ HHIEKCOB K G(),‘Ihlue.\i_\" o 4305).“'\7_13.“'.

{s;;saiaép—l i ®)
TN (g ) = in T 8
N (ap) = min  Ty7(z)

Takum obpa3om, aj, HAXOLMTCH Y3e NPH BHMHCAEHHBIX Qig,. ... Qgiaye
W3 esoficrs muauMyma 1 onpegenennit (6) - (8) cnenyer, uro

1 P
W @) < 5= [ TN (2) =T

: = i
TN (ap) < Z Tz =T (agay- ).
P&

s (3), (9) u (10) sakmouaeM, 4o

{10}

Tty as) =TE" Nagna) € ... < TY M aro) < T

TeOPEMA 3. Jaa aobozo dexcos (TA) ua n ymea
(10} £ (TA) £ (sh—1) cnpasedauso pasercmen

TM@ =W+ Vi (2),

ph -1 s A=1
Ly = Z H InN—2In (Zsinn{g Zaim‘})] i
V=0

m=1 j=1

unpu A >0

Ip

x FZ Z_] [ [InN -=mn (Zslnﬂ {1:—

=1 m==

k3
1
x H InN-— M] In (Zsinﬂ{ +pm
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ONTUMAJIBHBIE KOPOUUHEHTE KOMBUHUPOBAHHBIX CETOK 45

anpul=0

2Inp \*T
Viliz) Zp"‘ (1 N-— ! ) x
e p(pH)
p=1

F - 2 oon(5])]

1=l =il

Kposme mozo, cnpagediuso paseHcman

h s
Tn = (N —‘I}]n’N+Z(p{pl][(]nN—&3?—) —hl‘N]. (16)
= @(p?)

Hs (11) n (16) creayer, 9to onucanneit anroputy nossonser 3a O(s?pN) onepa-
upit HadtTH Habop ONTHMAILHEIX Ko3¢hDHUMERTOB, A KOTOPHIX COOTEETCTBYIOMAs
KOMOMHHPOBAHHAA CETKA YAORJIETBODHET Teopeme 2.

Jna pokazaTenscrsa Teopemil 1 npuBeieM HeoBXoauMbie JeMMB, JOKA3AHHLE B
pabore |3].

JIEMMA 1. [Tpu k # 0(modN) enpasedauso pasencmao
~2In (Esinﬁ{%}) = Z C:ne‘l’"n?f‘
1gimigN-1

2de dar xoadduyuenmos

P L |
SR S

BUNOANENN COOMHOUEHUA

m a1 1 1 fm| *
i) = L. Y
max (SN"— - N) < Ch, i NZB(m] ul<B(m)< =

Ch=C, (1<m<N=-1), ) C,=hN.

On pelellHM BEeJHYHHBI

Swlaymy + ...+ a,my)

ufa) = — e
My L, T

1l (N=1)
N-1 3 k
vid) = [—Z}SZHIII (Zsinﬁ{%}) ’
k=1 v=1
w(d) = 3 Chy, v vee Con Bul@imy + ...+ gy ).
Tghmy ), bmg N1
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H. M. IOBPOBOJILCKHI, H. M. KOPOBOB

JIEMMA 2. Cnpasedauso pasencmeo
Vid)=N-w(d) —2*In*N.

Oupegenum gags t=0,1,2,..., 5 BeIHIHHE

t s =1
Wiy(d) = 3 (H C:.h) ( I le) Snlaymy + ...+ a;m,).

1imy L mdgN-=1 \val vmt4]
W3 onpenenenus cnepyer, 9o Wo(d) = U(d), W,(d) =Wwl(a).

JIEMMA 3. Jas t=1,2,...,5 cnpesedauss pagencmsa

-1
Wi(@) = Wier (@) + O (]“ )

JIEMMA 4. Cnpasedauso acumnmomuieckoe pasencmeo

» - In*'N
wi(d)=Uu(a)+0 (—-—— .
N
Myers jy = (1, ..., s) — NPOU3BOABHLIA UETOUHCTEHHEI BEKTOD, VAORISTBOPH-
IO VETOBHAM

T<h<...<iv<s, 1<jwm<...<is<s, {i ist={1,..., sh.

JIpyramu cA0BaMH, KOODIHHATE BEKTODA ']dL — 3TO HATYpPajibHbie 9HCaa oT 1 a0 s Des
NOBTOPEHKIT i ¢ YKA3AHHLIM OrPaHHYeHNeM Ha ynopagodesnocts. Ecuu [, - Muoxe-
CTBO BCEX TAKHX BexTopos, TO oueBuuHo |y & C. Hcwo, wro
==L s8alh=k =UL2%.., s)}. B stux ofosmavenuax npoms-
pepenne (B+ Aq)-...- (B+ A;) MO#HO PACKPHWTS CAEAYIONIHM 00pasom

[IB+A)=8+3 3 B]]A..
v=1

¥=1 t=1 jy&le

Beegem oboznadenun
u(d, ) = Ulay,,...,qa,) (1€t<s),
W(E, 5) = Wlay,...,q,) (1<t<s),
Vi(d,3) = Vigy,,...,04) (1€t<s),
Toraa dyukuus Sy(a) u Ty(d) moxkuo 3anacats B Buge

sed@ =3 ¥ u@n),

t=1 Jreh

Tn(@=(N=1)In*N+ 3 In*"*N 3 V(&7

t=l TEl
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JoxkaskeMm CAeAYIOWYIO JEMMY.

Koa ¢ ¢ " u " e H TO B JIEMMA 6. Cnpoasedauso acumMnmomusecroe peencmen

Tal@) =NI*N-3I*N+N- Y In**N 3 U(&5)+0 (n"' N).
=2 el
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JOKASATENRCTBO. Ha nemm 5 u 2 paitexaer, 4To

Th(@ =(N=-T)I N+ Y I *NY V(@E@h) =
tml Te€ls

In his last years T G
Nikolay Mikhailovich Korobov NN = Gl N N N W =

=NI*N-3FI*N+N- Y n*'N Y W(&7).

improved procedures of

ITo nemme 4 umeem
- In*'N
¥ (uta.m +0 (T)) -

optimum factors evaluation NS N T WA =N 5N

TeEl

5
=NY W**N} U(&in)+0 (n'N),
ted nEls
¥ JIEMMa TEM CAMBIM JIOKA3aHA.
JOKABATEIBCTBO TEOPEMH 1. JJOCTATOYHOCTB. eficrentesio, ecan
Tul@) € NlIn* N + ¢21n%2 N, 10 13 nemmst 6 caiemyer, uro

s
N-3 "N Y U(EH) <3 In*N+c PN+ 0 (In"'N).

tm2 TEh
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48 H. M. JOBPOBOJILCKHIL, H. M. KOPOBORB

Orciona nosyuaes HEPaBeHCTBO

3*In‘ N+ 0 (In"'N) + o InP*+*N
Y U@ < $0( N] 2 2<t<s), ()

a4 3HAMHT,

1
> (3mIN+O (In"'N) +cplnfFIN) =
qel

1
Snlaj,, ..., a5 ﬁ

= % (3*In*N 4+ O (In* 1 N) + ¢z PN 4 O (Infrtt! *N)).

Orciofa  enesyer, 4To Qj,,..., a;, - OnTHMadsHele KoadbdmuMenTh HHIexca
max(t+ Bz — s, th.
HEOBXOAUMOCTb. Ecan Bunonuena ouenka, (1), To cnpaBejiMBo HePABEHCTBO

s PN
PIUESAR e

Tl

W, CAEAOBATENBHO, N0 JeMMe 6
Tn(@) < NIn*N =3I N + ¢oln® N- 3 In"*N=NIn*N + O (ln*2N),

JOKA3ATENLCTBO TEOPEMEI 2. Maeecrno (ca.l] c.44 u [2] c.88), uro npu
f € EX(C) nna norpemmoctr kpaaparyprodl dopmynsl (4) suinoanseTca oleHka

dnlag-my+...4a,- m}
(Mm, -.. Mm,i“

Rawlfl<C Y

T joeea g =00

buloy, -mu+...4+05,-my)  Is {tﬂl
_C(ZM“‘Z Z i ”T"r”’“)'

el ]

rie 3 ' o3navaer, 4TO BCE NEPEMEHHBIE CYMMMPOBAHHA OTIHIHE! oT Hyas, u ({o) —
anavenne nzera-pynxnun Pruvana s touxe o [pusenas semmy 22 w3 (1], noayuma

25-fa) o= 1
Rumelfl € C [M_N]“+§me

5N[ﬁ: sy 4.+ @, - ) +0 ([N <
(... s h
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ONTHMAJBHBIE KO3®OHUIWEHTE KOMBUHUPOBAHHBIX CETOK 49

2s- {(a)
<c [[MN D

- Z E‘. Ol - my + ... 4 a5, - my) a+O[N“")
FuETx My s (N--1) T T I

W3 yenosus Teopemsl W Hepasenersa (17) suiTekaer, uto

i dnlay, - My +...+ @, m] FIn'N
> ¥ < +
my - ST N

Tl My, mym={N-1}

Orcioga caeayer, 4To

1 = 1 "N
Rune[f] < - —_— =
nmslfl << [MN)“+2M‘°‘ N=

i 1 [5—1)ex (s—tle In**N
= (M +ZM “IntN | << NV

W TeopeMa 2 MOTHOCTHIO JOKA3AHA,
Hna pokasarenscrsa Teopems! 3 nonanobarces Tpu aemmul. [lyers p — naTypans-
noe, B ~ BenecTBEeHHOR W

S(p,B) = quﬁ{ p} (18)

S'(p, B) = 1'[2 n{ ;} (19)

JIEMMA 7. Cnpasedauso pasencmeo
S(p,B) = 2sinm{pp}.

JIEMMA 8. Cnpasedauso pasencmso

sinm{B}

sinm{pp}
$*(p, B) = = npu  {B}#0,
P npe  {B}=0

Jlemmer T 1 8 AOKA3LIBAIOTCA AHANOTHYHO Jemme 25 13 [1].
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H. M. IOBPOBOJILCKHH, H. M. KOPOBOB

JIEMMA 9. fTfpul=1 p — | cnpasedauso paseHcmeo

1 B 2  flemp &
e Z l]nN - ;I-:irl (291nﬂ{—pm—£z,—vp =
Toa=Erd

A=y V=l

A=t (22)
14+ m i
p*p E ZeyP }) npu A>0

ve=l}

npu A=0

JIOKABATENBCTRBO, [eftcraurensho,

p—1 A
i e 1+ mp & _
p—s,;\. z {InN—;In (Zsmﬂ{w Eoz,wp =
A o

Teamiy

—lnN 2 17 [2sinn{itme s, vyl
=N ey o LT (2o S L+ 5P -

TeaEen vail)

Tax xax
phtl mpr A>0
“lp—en) =
PP —tn) { @(p**") npn A=0"
To, npEMeHAS JeMMmy 7 npu A > 0 u gemmy 8 npu A = 0, nogayHuM yTBEpIKIEHHE

(22).

CHeAcTBHE 1. fTput > 1, A > 0 cnpasedauso paserncmeo

=
&3 Z V;qhhl(zra] s V,:,_MH(Z...M}.

Zea=l

310 yTREpHIASHHE JIETHO NOAYYHTH W3 jemmbl 9 n onpegenenudt (14) u (15).
JOKA3BATEABCTBO TEOPEMEI 3. [lpomesem koHewnylo MHAYKIHIO mo HaBopam
MHJEKCOR OT MAKCAMANLHONO K MunuMansuomy. [lpu (vA) = (s h—1) u3 (5) caeayer,

T
L g bt
78" Yzama) = Y ] |mN-2mn (2sium{ﬁzmp*})} .
V)

k] jl]

Brigenaa cnaraemble ¢ K, KPATHBIME P, TONYYHM

ph=t-1 & h-2
TP Y (zna) = Z H[!nN—Eln(Zsiﬂﬁ{]%Zzﬂp"})]+

k=l jm=l Vel
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ONTHMANBHEIE KO2QQHUIIMEHTE KOMBMHHPOBAHHEIX CETOK 51

p=lph=t=1 & 1+ mp he1
+y Y JI|mN-2m (Isinﬂ{—-—-h——Zzh.p*})] =
=1 m=0 j=l P=
=UR" + ViM(zana),
qeM TeopeMma JokalaHa s cayvas (rA) = (sh—1).
Myers reneps dopmyna (12) yeranosnena npw v > 1, A > 0. Torga, npamenss
NeJCTHEE 3 eMMhI g, nony'lmn{

E PR 1 e
TN Mz == Y T za)== Y (U +Vi(za)) =
P zea=0 P zea=0

15
=UR+2 3 VR an) = Uk o+ Vi zen),
zpa=l

H YTBEDHJAPHHE TEOPEeMb! CHpaBeIHED s Ty
Ecim v =1, A > 0, 10, 2HANOrHYHO, NONYYHM

1 p=1 ) 1 p=1
=2 X (WR+ V() = U+ - 3 Vi (o) = U
zia=0

213 =0

Tak kax

W= ]
m=1 j=1
p-1ph-1-1
ut+y Y H[lnw—zln(mnn{ =
=1 m=l j=1

s
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52 H. M. JOBPOBOJILCKHWI, H. M. KOPOBOB

TO OTCHIA BRITEKAET, 4TO

h=k-1
T ) =W+ 3 P
=i

W YTBEDHIEHUE TEOPeME YCTAHOBNEHO A1 Jioboro naGopa nHAEKCOE Buaa (sA), rae
0<A<h-—1.

[lycts Teneps dopmyna (12) yerawosnena npu v > 1, A = 0, Torga, npuMmenasn
nemmy 9 u 3amewas, uro U = 0, momywum

5 1=
T o) = =g Z T (zvo) =
zrp=1

1 - 1 p-1
=7 Y (R+W) == 3 Vil(zo) =
zrp=1 £rg=1

7 ot et 21 s
=ﬁ2£p“(mw- “") %

By e olp)
Y 1N - 2 o (26ined 201 )] = 8+ Vi rod
XZH n —pun sin T = =UN+ Vo (zei0),
I=1 j=!

=10
W YTBEKICHHE TEOPEMbl CHPABELIHBO TS T,[‘I ][Zv—l o).
Haxoneu, avanoruaso, gaa Ty moay« umM

1

1 p-1 h-1 2Inp 5P
TN:=p__1ZTHO][u]=Zp“(I.uN— ) Yii=
us=] =

o)) &

h=1 5
:Z'P(D"”)(lnN— 21p ) =
=0

@(prtt)

2 2lnp \*
=(N=T)In*N+ 3 O (laN———=1] -In*N ],
( Jin +u=lw[v}((n ‘p[p“]) n )

HeM Teopema NoTHOCTLED JOKAZaHA.
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Tom 3 Beinyck 1 (2002)
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H. M. Hebposossekndi (1. Tyna), H. M. KopoGos (r. Mocksa)
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[lpe3eHTauna NnoaroToBJsieHa MarmcTpaHTamMm TyJIbCKOro
[[OCynapCTBEHHOro YHMBepcuTeTa.

ABTOpPbI Bblpa)kaloT Bs1arogapHOCTb 3a NpenocTaB/IEHHbIE
doTorpachnn AHHe HukonaesHe KopoboBo#.

B npe3eHTauUnn NCnosb30BaJinCb My3blKaJlbHble
nponsseneHnsa dpegepunka LLloneHa - ntobMoro komno3suTopa
Hukonaa Muxannosmyva Kopobosa.

This presentation was created by undergraduates from Tula
State University.

Authors express their thanks to Anna Nikolaevna Korobova
for vested photos.

The musical illustration consists of Chopin’s musical
compositions (Frederic Chopin was N.M. Korobov's favourite
composer).
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